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Abstract 
 

This paper introduces a new theorem on ( )( )1,EB  product summability of Fourier series which is the 

generalization of the result given by Izumi S. [1] under analogous conditions. 
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1 Introduction 
 
Let ( )xf be a function integrable in the sense of Lebesgue over the interval ( ),π π− and periodic with the 

period π2 , Titchmarsh [2]. Let the Fourier series associated with ( )xf  be  
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An infinite series ∑ nu with partial sums nS are said to be summable ( )( )1,EB tos , if  
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1
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Where mE stands for the ( )1,E mean of nS  Hardy, [3].  

 
We shall use the fixed real numbers x  ands , the following notations,  
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In 1903, Lebesgue H. [4] gave the convergence criteria for Fourier series, at a point x  by proving the result.  
 
THEOREM A: If  
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then the Fourier series of ( )xf converges to ( )xf at the pointx . 
 

Generalising Theorem A for ( )1,C  summability of Fourier series, Izumi S. [1] proved the following result. 

 
THEOREM B: If  
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then the Fourier series is summable ( )1,C to the sums . 

 

Recently, Saxena K. [5-6] has proved a theorem for the product summability( )( )1,1, EC  of Fourier series 

under analogous conditions. 
 
THEOREM C: If  
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as ∞→n , for fixed positive number η >0, then the Fourier series (1.1) is ( )( )1,1, EC summable to sat the 

point x . 
 

Various researchers [7-12] proved some interesting results on summability of Fourier series.  
 

Since, under the conditions of Theorem B, Fourier series is not ( )1,E summable to any fixed number, so it is 

natural to expect the extension of Theorem B for the product summability ( )( )1,EB of the Fourier series 

under analogous conditions. 
 

2 Main Results 
 
In this section, we prove the result by generalizing the conditions of Theorem B for Borel-Euler product 
summability of Fourier series. 
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As ∞→p , for some fixed positive number η >0, then the Fourier series (1.1) is ( )( )1,EB  summable to 

sat the pointx . 
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4 The Estimates 
 
We shall require the following estimates, the first may be verified easily 
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5 Required Lemmas 
 

Lemma 5.1:   
( )( ) ( )

( ) ( )1

2

cos1
exp

sinsinsin
odt

tp

ptttp

t

tp

p
=







 −

−+
∫

απ

π

φ
       

 
Proof:

   
Using second mean value theorem and integrating by parts, we have 
 



 
 
 

Saxena and Prabhakar; ARJOM, 8(2): 1-12, 2018; Article no.ARJOM.33839 
 
 
 

6 
 
 

( )( ) ( )
dt

t
p

ptttp

t

tp

p









−+= ∫
2

sinexp

sinsinsin

2

απ

π

φ
                     

( )( ) ( ){ }dtptttp
t

t

t
p

p

p
sinsinsin

2
sinexp

1

2

−+








= ∫

βπ

π

φ
 

 

Since βα ≤≤
3

1
<1 

( ) ( )( ) ( )dtpto
t

t
O

p

p

31 ∫=
βπ

π

φ
 

( ) ( )( ) ( )dtttpO
p

p

2
∫=

βπ

π
φ  

( ) ( ) ( )[ ]
β

π

π








∫−= p

p

tdttottopO 22  

( ) ( )[ ]
β

π

π







= p

p
topO 3  

( ),1o=   as ∞→p  

 
Lemma 5.2:   
 

( )( ) ( ){ } ( )( ){ }[ ] ( )1sincos1expcos1exp optdtptptp
t

ptp

p
=+−−−−−+

∫ ππφαπ

π
 

 
Proof:

   
By mean value theorem of differential calculus, 
 

( )( ){ } ( ){ }
t

p
t

tpptp

−+

−−−+−−
π

π cos1expcos1exp
 

( ){ }θcos1exp −−= p
dt

d
  where 

p

l
t

πθ += ;  (0<l <1) 

( ){ }θθ cos1expsin −−−= pp  

( ) ( )( ){ }pltppltp ππ +−−+−= cos1expsin  

 
Consequently, 
 

( ){ } ( )( ){ }ptptp π+−−−−− cos1expcos1exp  

( ) ( )( ){ }pltpplt πππ +−−+= cos1expsin  

( )1o=  



 
 
 

Saxena and Prabhakar; ARJOM, 8(2): 1-12, 2018; Article no.ARJOM.33839 
 
 
 

7 
 
 

Therefore, 
 

( ) ( ) ( )( ){ }( )
dtptpltpplt

t

ptp

p∫ +−−+
+απ

π
πππφ

sincos1expsin
 

 

( ) ( )( )
dtpto

p

p∫ +=
απ

π
πφ1

 
 

( )1o= ,  as ∞→p     By  (2.1) 

 

Lemma 5.3:

  

( )( ) ( ){ } ( )1sincos1exp
11

optdttp
ptt

pt
p

p
=−−









+
−+∫

απ

π π
πφ  

Proof: 
 
By (2.1) and integrating by parts 
 

( )
( )

( )
dt

ptt

pt

p

p

p∫ +
+

≤
απ

π π
πφπ

 
 

<
( )( )

dt
t

pt

p

p

p∫
+απ

π

πφπ
2

 
 

( ) ( ) ( )απ

π

ππ
p

p

dt
t

pto
pto

t
o

p
o 







 +++















= ∫ 32

2
11

 
 

( )απ

π

p

p

dt
t

o
t

o
p

o 














+















= ∫ 2

1
2

11

 
 

( )1o= , as ∞→p  

 

Lemma 5.4: 
( )( ) ( )( ){ } ( )1sincos1exp

0
optdtptp

pt

ptp
=+−−

+
+

∫ π
π
πφπ

  

Proof: 
 
By (2.1) and change of variables, 
 

( )
∫≤

p

p
dt

t

tπ

π

φ2

 
 

( )∫






=
p

p
dtt

m
o

π

π
φ

π
2

 

 

( )1o= ,  as ∞→p  



 
 
 

Saxena and Prabhakar; ARJOM, 8(2): 1-12, 2018; Article no.ARJOM.33839 
 
 
 

8 
 
 

By using the above-proved lemmas, we will prove the main theorem. 
 

6 Proof of the Main Theorem 
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Applying Lemma (5.2), (5.3) and (5.4), we get 
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Now, at last, we have 
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This completes the proof of theorem  2.1. 
 

7 Conclusion 
 
In this paper, we have introduced the product summability of Fourier series using Borel-Euler summation 
method. The present theorem extends, generalizes and improves many existing results on summability of 
Fourier series and its allied series. This result may be a motivation to other researchers to carry out the 
outcomes in the field of summability theory.   
 

Acknowledgement 
 
The authors express deep gratitude to the referees for their valuable comments and suggestions. 
 

Competing Interests 
 
Authors have declared that no competing interests exist. 
 

References 
 
[1] Izumi S. Study of Cesaro summability of Fourier series. Tohoku Math Jour. 1949;51:144-149.  

 
[2] Titchmarsh EC.  The theory of functions. Oxford Uni Press; 1952. 

 
[3] Hardy GH. Divergent series. Oxford Press; 1949. 
 
[4] Lebesgue H. Recherches sur la convergence des séries de Fourier. Math Annalen. 1905;61:251–280. 

 
[5] Saxena K. Ph.D. Thesis. XIth Chapter; 1997. 

 
[6] Saxena K, Mandloi A. A study of the product summability ( )( )1,, Crγ  to derived Fourier series. Ultra 

Scientist. 2014;26(2):131-140. 
 

[7] Saxena K, Prabhakar M. A study of double Euler Summability method of Fourier series and its 
conjugate series. Int. Jour. Sci. Innovative Math Res. 2016;4(1):46-52. 

 
[8] Sahney BN, Kathal PD. A new criterion for Borel summability of Fourier series. Canad Math Bull. 

1969;12:573-580. 
 

[9] Chandra P. Summability of Fourier series by Euler means. Rev Acad Cien Exactas Fis Quimicas Nat 
Zaragoza. 1977;32:47-52. 

 

[10] Chandra P, Dikshit GD. On theB  and qE, summability of a Fourier series, its conjugate series and 

their derived series. Indian J. Pure Appl. Math. 1981;12(11):1350-1360. 
 



 
 
 

Saxena and Prabhakar; ARJOM, 8(2): 1-12, 2018; Article no.ARJOM.33839 
 
 
 

12 
 
 

[11] Nigam HK. On ( )( )1,2, EC product means of Fourier series and its conjugate series. Electronic Journal 

of Mathematical Analysis and Applications. 2013;1(2):334-344. 
 
[12] Tam Laying. A Tauberian theorem for the general Euler-Borel summability method. Canad. Jour. 

Math. 1992;44(5). 
 
[13] Zygmund A. Trigonometrical series. Warsaw; 1935;I-II. 
_______________________________________________________________________________________ 
© 2018 Saxena and Prabhakar; This is an Open Access article distributed under the terms of the Creative Commons Attribution 
License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium, 
provided the original work is properly cited. 
 
 
 
 
 
 

Peer-review history: 
The peer review history for this paper can be accessed here (Please copy paste the total link in your 
browser address bar) 
http://sciencedomain.org/review-history/22778 


