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Abstract 

 
Inspired by the COVID-19 pandemic, this paper investigates the feasibility of obtaining good convergence 

results for a nonhomogeneous Volterra-Fredholm integral equation model of the second kind. Volterra-

Fredholm integral equations are often used to model infection and recovery of diseases in a population and 

can be used to model a pandemic or an endemic. This model uses a Volterra-Fredholm integral equation of 

the second kind to predict the number of individuals recovered from the COVID-19 pandemic in South 

Africa. The integral model was approximated by using the Gaussian Quadrature Method. The      model 

accounts for many variables of the pandemic including the number of initially infected individuals I0, 

susceptible individuals S0, and removed individuals R0. It also accounts for the initial recovery rate  , the 

infectivity of the virus  , removal rate  , and the total population of South Africa N. In addition to these, we 

also considered blood type     , and the rh factor     .  
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The model was constructed in “person-days,” which is the combined variable of time (t, days) and the number 

of individuals (x). Specific blood types and presence of the rh factor have been shown to have varying 

susceptibility to infection and severity of infection (requiring intubation), therefore this was an important 

parameter for this model [1,2]. 

 

 

Keywords: Volterra-Fredholm; integral equation; South Africa; COVID-19; Gaussian Quadrature method; 

person days. 

 

1 Introduction  
 
Volterra integral equations are often used to model disease behavior, including infection, recovery, and death. 

Volterra-Fredholm models are known to be used to model the spatio-temporal development of an epidemic, 

including various other physical and biological models relation to disease in a population [3]. This model uses a 

Volterra-Fredholm integral equation of the second kind to model recovery from the Omicron variant of COVID-

19 in South Africa. The model is measured in person-days, which is the combined variable of both people x and 

time t. Thus, the model is a double integral with respect to time and people.  

 

As new variants of the disease arise, the susceptibility of a person to get infected and recover changes. The 

model we designed specifically applies to the Omicron variant that originated in South Africa, where the first 

case of Omicron was identified on November 11, 2021. This day is used as Day 1 in the model [4]. With only 

32.8% of the population fully vaccinated in South Africa, the model does not include a variable for immunity. 

The portion of the population that is fully vaccinated did not reach the 94% required for herd immunity [5,6]. 

Additionally, absence of the rh factor was shown to be protective against infection, and blood types A and AB 

were shown to have higher infectivity than blood type O [1,2]. For our analysis, blood type A+ (A with rh 

factor) was used in the construction of the method. 

 

The model built was founded on the Volterra Integral Equation of the second kind, which usually arise from 

parabolic boundary value problems and was given by: 

 

                 
 

 
           

 

 
                                (1)  

 

The Volterra-Fredholm integral equation used in this case has a weakly singular kernel. There are many recent 

advances on reliable methods of solving these types of integral equations [7,3]. Also, we considered our model 

to be a mathematical model based on a ‘spatio-temporal model’ of an epidemic, thus the integral was a double 

integral. The study built a model with total infection and recovery data to predict the overall recovery rate over a 

given time period T. Recovery was defined as no longer showing symptoms of the disease, and therefore no 

longer contagious and able to infect others. 

 

1.1 The      model 
 

The       (Infection – Susceptibility – Recovery) model was given by: 

 

              
    

  

 
                                  

 

 

 

 
              (2) 

 

Table 1. Parameters for the      model 

 

Parameter Variable Value 

Initially Removed R0 0.6246* 

Initially Infected I0 0.0486* 

Initially Susceptible S0 0.3268* 

Infectivity rate  3.7[11] [12] 

Initial Recovery Rate  0.9093[8] 
Removal Rate   1.11804599 

Error   Error 
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Parameter Variable Value 

Total Population N 60.6[13]
 

# of Days Elapsed T 116** 

Infection Curve I(t) Eq 5 

Recovery Curve R(t) Eq 6 

Blood Type S(x) Eq 7 

rh Factor (x) Eq 8 
*Given as percentages of the total population N, I0 was found from [8,9] by dividing the total number of infections on Day 1 by the total 

population. S0 was found by multiplying the two susceptibility factors, blood type and rh factor, S0 = 0.86*0.38 [10]. 

**Data used was from November 11, 2021 to March 6, 2022 

 

S(x) denotes the increased susceptibility to severe infection with blood type A, and      denotes the increased 

protection against severe infection when the rh factor is not present. The model accounts for the relationship 

between the number of initially removed, infected, and susceptible individuals, given by the equation below 

[14]. 

 
                                                                       (3) 

 

This study built a model with total infection and recovery data to predict the overall recovery rate over the given 

time period. The infection curve I(t) and the recovery curve R(t) were functions of time (days), whereas the 

blood type S(x) and rh factor (x) were functions of people. I(t) was found by fitting the number of total 

infections by day to a logistic4p model. The graphs were constructed using actual values (106), the functions 

were created by dividing the data by 106. The general form of a log4p equation was given by the following 

equation. 

 

I        
   

                      (4) 

 

Where a is the growth rate, b is the inflection point, c is the lower asymptote, and d is the upper asymptote. The 

specific I(t) based on our data was given by the following equation.  

 

               
                     

                                                             (5) 

 

 
 

Fig. 1. The number of infections I(t) by day in South Africa for the Omicron variant, 1-116 days. South 

Africa’s data were fitted to a log4p model (r
2
 equal to 0.99) 

 

Recovery function R(t) was a cubic model given by the following equation. 

 
                                                     (6)  
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Fig. 2. The number of recoveries R(t) by day in South Africa for the Omicron variant, 1-116 days. South 

Africa’s data were fitted to a cubic model (r
2
 equal to 0.99). Recovery data is from April 11, 2021 to 

August 4, 2021- an equivalent number of days for the Omicron variant but not the actual data, as South 

Africa has yet to report the number of daily recoveries 

 

S(x) and (x) were created by using reported data for the percentages of blood type A and presence of rh factor 

in the population of South Africa. South Africa was reported to have 86% presence of rh factor and 38% of 

blood type A [10]. S(x) gave the amount of the population susceptible to infection by blood type A.  

 

                                                                       (7) 

 

     gave the amount of the population susceptible to infection by the presence of the rh factor. 

 

                       (8)  

 

The partial derivatives of the model represented the rate of change of recovery in terms of time and in terms of 

people.   

 
  

  
      

                          (9) 

 

The rate of recovery in terms of people was directly proportional to the initial number of infections I0 and the 

initial recovery rate  . The rate of recovery in terms of people was given by,  

 
  

  
 

  

 
                           

 

 
                                         (10) 

 

The rate of recovery in terms of people was directly proportional to removal rate µ, the infectivity  , blood type 

S(N) and rh factor  (N) and is inversely proportional to the total population N.  

 

The predictability of epidemiological variables is difficult and therefore the choice on which type of integral 

equation system that was to be used was a critical component of this analysis. Lowering the complexity and the 

number of operations was important but the Volterra-Fredholm integral equation method using person-days was 

preferred. 

 

1.2 Gaussian Quadrature method  
 

For preliminary work, Gaussian Quadrature was used to approximate the integral. The model is a double 

integral: the integral with respect to time (inner integral) and the integral with respect to people (outer integral). 

Due to the complexity of the model, the inner integral was not solved analytically, it was approximated 

numerically. The outer integral was not as complex and was solved analytically, therefore it did not require the 
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use of an approximation method. Gaussian Quadrature method is well known and widely used for integral 

approximation and was applied to the inner integral.  

 

To use the Gaussian Quadrature method, the original integral was transformed into an integral                                

from -1 to 1. For the Gaussian Quadrature method, the ci values were coefficients chosen to                                    

minimize the expected error, and P(x) was the Legendre polynomial evaluated at nodes, xi. The fact that 

              
 

  
 whenever P(x) is a polynomial of degree less than n was used in converting the integral 

to the interval [-1,1]. 

 

                            
 
   

 

  

 

 
       (11) 

 

Where the coefficients were given by, 

 

      
    

     
    

       
 

  
         (12) 

 

Seven nodes were used using values for the weights and abscissae from [15]. 

 

2 Numerical Analysis  

 

2.1 Results 
 

The reported value for recovery rate in South Africa was 0.973216983 [16]. Evaluation of the model                            

at all given values for the variables gave a recovery rate of 0.9768461153, accuracy to 10
-2

.                                          

The 3-dimensional representation of the model made by graphing both the inner and outer                                  

integrals. This representation shows how the model was used to approximate recovery data over a geographical 

area.  

 

 
 

Fig. 3. The inner integral, recovery R            Fig. 4. The outer integral, recovery R 

vs time t.                                                                   vs people x 

 

The 3D Person Day Model is given by Fig. 5. This shape was superimposed onto the geographical area of 

South Africa to show the approximation of recovery over the given area.  
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Fig. 5. 3D  shape depicting both the inner and outer 

integrals. This shape does not include the portion of 

the model that is outside of the double integral 

 

Fig. 6. 3D model superimposed onto 

geographical area of South Africa 

 

Table 2. Model prediction by province of South Africa. The same values were used for all variables 

except for population. The results reported are in % Recovery R, which meant the percentage of total 

recovered individuals over the given time period for each province. All area and population values were 

sourced from [16] 

 

Province % Total Area Population (M) % Total 

Population 

% Recovery, R 

Eastern Cape 0.1351 6.7430 0.1111 0.1085 

Free State 0.1038 2.9289 0.0483 0.0472 

Gauteng 0.0145 15.4881 0.2556 0.2497 

KwaZulu-Natal 0.0755 11.5316 0.1903 0.1859 

Limpopo 0.1006 5.8526 0.0966 0.0943 

Mpumalanga 0.0612 4.6897 0.0772 0.0754 

Northern Cape 0.2982 1.2928 0.0213 0.0208 

North West 0.0839 4.1088 0.0678 0.0662 

Western Cape 0.1035 7.0057 0.1156 0.1129 

Lesotho ()
*
 0.0243 0.9776 0.0161 0.0158 

   Total Prediction 

(Recovery, R) 

0.9768 

   Reported Value 

(Recovery, R)
 

0.9732[17] 

   Absolute Error 0.0036 
*Lesotho is included as the error term  to account for the discrepancies in using the best approximation available for population in each 

province. The population used is not the exact population of Lesotho but rather the difference of N and the sum of the province 

populations. The area value is the actual area value [18] 

 

3 Analysis 

 

The model is accurate only to 10
-2

, there are various drawbacks and assumptions that when addressed, could 

potentially increase the accuracy of the model. The recovery data used was for an equivalent number of days for 

the Omicron variant not for the actual data, as South Africa has yet to report recovery data for the Omicron 

variant. The actual recovery data would increase the accuracy in predicting the recovery rate over the given time 

period. The model only accounted for blood type A+, as this was the blood type reported to be most susceptible 

to severe infection. The model can be applied to other blood types when values for S(x) and      are used as the 

percentages for individuals with other blood types. The epsilons (errors) for S(x) and      were assumed to be 

zero for the execution of this model.  

 

A previous, somewhat similar, version of this model produced good convergence results with little error when 

applied to the first two waves of the pandemic [19]. In this research, modifications were made to include 

susceptibility by blood type and a more accurate infectivity rate .  was originally the contact rate, reported as 

the average number of people that one infected individual would infect. For the        Volterra-Fredholm 

model,  was changed to an infectivity variable, no longer reported as an average but a succinct value.  
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Our model did not account for other variants or factors that affect susceptibility and likelihood of severe 

infection. These factors include immunity from vaccination or prior infection, and pre-existing health conditions 

such as obesity. By further modifying   and exploring more variables within the susceptibility functions S(x) 

and     , more accurate predictions might be possible.  

 

Lastly, this model did not include the death rate d. The rate d was assumed to be a part of the removal rate  , as 

  is usually defined as the population moving from an infected population to the recovered or deceased 

populations.  

 

4 Conclusions 
 

The purpose of this original research article was to raise awareness of the many parameters that affected 

susceptibility to infection and recovery from COVID-19 pandemic in South Africa. By showing the 

mathematical relationship between these parameters, this model demonstrated the importance of the infectivity 

variable, and the correlation between blood type, rh factor, and susceptibility to infection. Models such as 

these will help us better understand the pandemic behavior, and with more knowledge on the indicators of 

susceptibility to these infections, one can hope to be able to minimize or prevent these pandemics. In the 

future, if the actual recovery data were available, one can use a higher number of Gaussian Quadrature nodes 

and obtain a higher degree of convergence for this type of an integral equation. Further research can be also 

done by adding a new variable of immunity from vaccination and prior infection, and modifying the kernel of 

the integral. 

 

Acknowledgements 
 

The authors would like to thank the American Mathematical Society-Pi Mu Epsilon (AMS-PME) Travel Grant 

Fund and Roger Williams University Provost’s Fund for the awards and contributions to the project. Also, the 

authors would like to thank the Green City Conference for allowing Kate Gilbert to present this material to an 

international audience. We also thank Mrs. Kennedy for her technical support. 

 

Competing Interests 
 
Authors have declared that no competing interests exist. 

 

References 
 

[1] Zietz M, Zucker J, Tatonetti NP. Associations between blood type and COVID-19 infection, intubation, 

and death. Nature Communications. 2020;(11):5761. 

 

[2] Wu BB, GU DZ, Yu JN, Shen WQ. Association between ABO blood groups and COVID-19 infection, 

severity and demise: A systematic review and meta-analysis. Elsevier: Infection, Genetics and Evolution; 

2020. 

 

[3] Hamoud A, Mohammed N, Ghadie K. Some powerful techniques for solving nonlinear Volterra-

Fredholm integral equations. Journal of Applied Nonlinear Dynamics; 2021.  

Available:https://www.researchgate.net/publication/349711038_Some_Powerful_Techniques_for_Solvin

g_Nonlinear_Volterra-Fredholm_Integral_Equations 

 

[4] Lister T, McKenzie D. How South African scientists discovered Omicron and set off a global chain 

reaction. CNN; 2021.  

Available:https://www.cnn.com/2021/12/02/world/south-africa-omicron-origins-covid-cmd-

intl/index.html 

 

[5] Mathieu E, Ritchie H, Ortiz-Ospina E, et al. A global database of COVID-19 vaccinations. Nat Hum 

Behav; 2021.  

Available:https://doi.org/10.1038/s41562-021-01122-8 



 

 
 

 

Warnapala and Gilbert; J. Adv. Math. Com. Sci., vol. 38, no. 4, pp. 1-8, 2023; Article no.JAMCS.96300 

 
 

 
8 

 

 

[6] Mayo Clinic. Herd immunity and COVID-19: What you need to know. Mayo Clinic; 2022. 

Available:https://www.mayoclinic.org/diseases-conditions/coronavirus/in-depth/herd-immunity-and-

coronavirus/art-

20486808#:~:text=It's%20estimated%20that%2094%25%20of,interrupt%20the%20chain%20of%20trans

mission. 

 

[7] Hamoud A, Ghadle K. Recent Advances on Reliable Methods for Solving Volterra-Fredholm Integral 

and Integro-Differential Equations. Asian Journal of Mathematics and Computer Research. 2018; 

(24)3:128-157. 

 

[8] South Africa: COVID-19 daily graph. Saifaddin; 2020. Date accessed: October 1, 2020.  

 

[9] South Africa COVID-19 Corona Tracker. Weising; 2020. Date accessed: October 1, 2020. 

 

[10] World Population Review. Blood Type by Country. World Population Review; 2022.  

Available:https://worldpopulationreview.com/country-rankings/blood-type-by-country 

 

[11] Public Health Ontario. COVID-19 Variant of Concern (B.1.1.529): Risk Assessment, December 13, 

2021. Public Health Ontario; 2021. https://www.publichealthontario.ca/-

/media/documents/ncov/voc/2021/12/covid-19-omicron-b11529-risk-assessment-dec-13.pdf?sc_lang=en 

 

[12] Liu Y, Rocklöv J. The effective reproductive number of the Omicron variant is several times relative to 

Delta. J Travel Med; 2022. 

Available: https://www.ncbi.nlm.nih.gov/pmc/articles/PMC8992231/ 

 

[13] Statistics South Africa. 60,6 million people in South Africa. Republic of South Africa Census; 2022.  

Available:https://www.statssa.gov.za/?p=15601#:~:text=The%20population%20of%20South%20Africa,g

rowth%20year%2Don%2Dyear. 

 

[14] Greenhalgh, S.; Rozins, C. Generalized differential equation compartmental models of infectious disease 

transmission. bioRxiv; 2020.  

 

[15] Kamermans M. Gaussian Quadrature Weights and Abscissae; 2011.  

Available: https://pomax.github.io/bezierinfo/legendre-gauss.html  

 

[16] Republic of South Africa. South Africa’s provinces. South African Government; 2022.  

Available: https://www.gov.za/about-sa/south-africas-provinces 

 

[17] Department of Health. COVID-19 Online Resources and News Portal. Republic of South Africa; 2022. 

Available: https://sacoronavirus.co.za/ 

 

[18] One World Nations Online. Lesotho. NationsOnline; 2021. 

Available: https://www.nationsonline.org/oneworld/lesotho.htm 

 

[19] Warnapala Y, Dehetre E, Gilbert K. COVID-19 Pandemic Analysis by the Volterra Integral Equation 

Models: A Preliminary Study of Brazil, Italy, and South Africa. IAENG IJAM; 2021. 

__________________________________________________________________________________________ 
© 2023 Warnapala and Gilbert; This is an Open Access article distributed under the terms of the Creative Commons Attribution License 
(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the 

original work is properly cited. 

 

 

 

Peer-review history: 

The peer review history for this paper can be accessed here (Please copy paste the total link in your 
browser address bar) 

https://www.sdiarticle5.com/review-history/96300 

 

http://creativecommons.org/licenses/by/3.0

