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Abstract
We report on the architecture and operational principle of a resonant cantilever-type
displacement sensor. The device is actuated electrostatically by a side electrode that is coplanar
with the cantilever and by a gap-closing electrode positioned underneath the beam. The unique
electrode geometry combined with the appropriate actuating voltages allows positioning of the
cantilever in close proximity to the bistability threshold, where the frequency sensitivity to the
electrode displacement is enhanced. Using a reduced order model backed by numerical
simulations, the dependencies of the device frequency on the beam’s deflections and the
actuation voltages were mapped. We show wide-range tunability that spans a range between
softening and hardening behavior. We demonstrate displacement sensing using fabricated single
crystal silicon ≈2000 µm long, ≈5 µm thick cantilevers. When compared to a resonant
cantilever sensor actuated solely by a gap-closing electrode, measurements from our fringing
field actuated devices show a four times higher sensitivity of ≈98 Hz µm−1. The suggested
approach may find applications in a broad range of micro and potentially nano-scale
applications including resonant inertial, force, mass and bio-sensors.

Keywords: resonant cantilever sensor, electrostatic actuation, fringing field, bistability, MEMS

(Some figures may appear in colour only in the online journal)

1. Introduction

Resonant micro- and nano-scale cantilevers are among the
most established sensing elements implemented in the fields
of engineering, life and physical sciences [1, 2]. These devices
were shown to be indispensable for the detection of extremely
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small masses [3], biomolecular binding events [4], and for
non-contact topographic and localized charge imaging using
atomic force microscopy (AFM) [5]. The key advantages of
cantilevers (when compared to doubly clamped beams of com-
parable dimensions) are their lower stiffness, better linearity
and reduced sensitivity to temperature and residual stress. In
resonant cantilever-type devices, the sensing paradigm is com-
monly based on measuring the beam’s spectral characteristics
that are affected by structural variations in the stiffness or the
mass. Following the emergence of cantilever sensors, signific-
ant progress has been achieved in the design and operational
protocols of the devices by confining the vibrations within the
linear resonance regime. A possibility to explore nonlinearity
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as a tool for the performance enhancement in resonant sensors
has attracted significant attention within the research com-
munity [6, 7]. In contrast to the linear resonators whose natural
frequencies are independent on the applied forces and vibra-
tional amplitudes, in nonlinear systems the spectral character-
istics of the device are affected by the configuration-dependent
forces, which are directly related to the resonant frequency of
the device [5].

In electrostatically actuated microelectromechanical sys-
tems (MEMS)—based devices, both structural geometric non-
linearity (as in double-clamped initially curved bistable beams
[7]) and nonlinearity of the actuating forces are present. In
devices actuated by parallel-plate (PP), gap-closing electrodes,
the intrinsic dependence of the electrostatic loading on the sys-
tem configuration manifests itself in the decrease of the device
stiffness and frequency with increase of the actuation voltage.
This electrostatic softening is a beneficial feature allowing for
voltage-based frequency tuning. The method is widely used
in applications as a tool to compensate for fabrication-related
uncertainties in the device geometry and in the operational
conditions [7, 8]. One of the distinguishing features of elec-
trostatically actuated devices is that they can be prone to the
so-called pull-in (PI) instability. Within this regime, the struc-
ture collapses toward the electrode at actuating voltages above
a certain critical value [9, 10]. While often viewed as a draw-
back, PI lies at the foundations of several strategies for sensit-
ivity enhancement. Specifically, when the structure is found
in a configuration close to the instability threshold, even a
minute change in the loading or environmental parameters
may result in a stability loss and thus in a major change in the
device response. Enhanced sensitivity in the vicinity of the PI
was exploited in the event-based (binary, bifurcation-based)
sensors [11–14] where the collapse of the device toward the
actuating electrode was initiated by an added mass or acceler-
ation [14, 15]. In resonant sensors, when the device is driven
near the critical configuration, the effective stiffness and there-
fore the natural frequency both approach zero in such a man-
ner, that significantly enhances frequency sensitivity to the
loading or deflection [16–21].

However, operation near the instability limit has its own
drawbacks. Since the PI collapse of the device toward the elec-
trode initiates contact between the two surfaces, the impact
interaction may result in irreversible damage affecting the
long-term repeatability of the sensor scale factor. For this
reason,most of the sensors based on this scenario are driven far
enough from the PI point, at the expense of inferior perform-
ance. To benefit from the increased sensitivity in the vicin-
ity of the critical configurations while avoiding the associated
risks, alternative operational scenarios were suggested. For
example, in bistable curved micromechanical beams [14, 22]
or offset double-clamped beams [18, 19, 23, 24] stability loss
event is not accompanied by contact, which allows reversible
operation. (Hereafter, bistability is defined as an ability of the
device to stay in two different equilibrium configurations at
the same loading/voltage, whereas the term ‘latching’ prop-
erty is reserved for a particular case when the structure is able
to remain in a stable buckling state at zero voltage.) Reson-
ant sensing near the bistability threshold of lithographically

defined, curved double-clamped ≈1000 µm long and ≈3 µm
wide micromechanical Si beams actuated by a movable PP
electrode was reported in [22], where the sensitivity up to
≈1.5 Hz nm−1 was experimentally demonstrated.

The main limitation of the statically indeterminate double-
clamped beams is that they are sensitive to temperature and
residual stress [25, 26]. Namely, the temperature variations in
the fully constrained double-clamped beams inevitably give
rise to thermal stresses. While residual stress is generally
affected by several factors such as fabrication processing or
packaging design, in many cases it is related to the thermal
stress. Cantilever-based devices (made of one material and not
from a multilayer stack), which are statically determinate and
may extend or contact freely with varying temperature, are
distinguished by an intrinsically lower sensitivity to temper-
ature and residual stress. This motivates the wide use of these
structures in sensing applications. (Of course, stress gradients,
especially in the regions close to the cantilever clamping point
and originated in thermal mismatch between the materials of
the package stack, may result in certain bending of the beams.
Since the main goal of the present work was to investigate the
sensing principle based on high frequency tunability of our
device, the packaging and integration issues were out of the
scope of the study.) However, cantilevers are mechanically
linear and cannot be bistable, which prevents the realization
of the advantages gained from the operation near the critical
configurations. Here we investigate a cantilever-based archi-
tecture that allows frequency sensitivity enhancement which is
typically encountered in nearly bistable devices. The approach
is based on the implementing of a tailored electrode geometry
and fringing electrostatic field actuation. In turn, this archi-
tecture introduces a nonlinearity required to achieve bistable
or nearly bistable behavior. By appropriately tuning the actu-
ation voltages, the cantilever can be positioned in a configura-
tion at the bistability threshold where the frequency sensitivity
enhancement occurs.

Fringing field electrostatic actuation was previously shown
to be useful for different purposes [27–30]. Efficient para-
metric excitation and frequency tuning in fringing-field actu-
ated micromechanical beams were explored in [20, 31–34].
Repulsive fringing-field electrostatic forces were implemented
for energy harvesting [35], and for operation of microswitches
[36], micromirrors [37, 38], and microphones [39]. Fringing
field actuation of a resonant device by means of a dielec-
tric Kelvin polarization force was demonstrated in [30]. In
all these works, a possibility of the sensitivity enhancement
through operation near stability boundaries was not mentioned
or discussed.

The concept of a bistable cantilever presented here was
first introduced in [40]. It was shown, using the model, that
combination of the fringing electrostatic field actuation with
loading by a PP electrode may result in bistability of the
device and in a wide-range tunability of its fundamental
frequency. Experimental demonstration of the displacement
sensing using fringing-field cantilever was reported in [41].
While the functionality of the device used as a pressure sensor
was illustrated in this work, the sensitivity enhancement effect
was not demonstrated. Efficient electrostatic up-tuning of the
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beam’s frequency and enhancement of the device frequency
to voltage sensitivity in the fringing-field actuated cantilever
was recently reported in [42]. However, fabrication process
of the device implementing an alternative architecture of the
electrodes, which are thicker than the cantilever itself, required
multilevel critically timed etching steps. The added complex-
ity from the multi-step timed etch are less controllable when
compared to the device within the present work.

Here we investigate, both theoretically and experiment-
ally, the feasibility of the suggested sensitivity improvement
approach in a fringing field actuated cantilever-type device.
In contrast to our previous works [40, 41], a detailed analysis
of the device’s dynamics is presented. We show the mapping
of the design and operational parameters, the experimental
demonstration of both stiffening and softening behavior, and
enhanced sensitivity.

2. Model and operational principle

A prismatic cantilever of a length L, width b and thickness d is
assumed to be made from a linearly elastic material (silicon)
with the Young’s modulus E (in the x-direction) and density ρ,
figure 1(a). A planar side (S) electrode of length LS surround-
ing the beam is located at a distance gS from the beam and has
the same thickness d as the beam. The cantilever can freely
deflect in the out-of-plane (z) direction whereas its in-plane
(y) deflection is precluded due to the high width to the thick-
ness ratio (b/d). A PP electrode is located under the beam, at
the distance (the gap) gpp, figure 1(b). The beam is grounded,
while the voltages Vs and Vpp are applied to the S and the PP
electrodes, respectively.

To highlight ideas beyond the sensitivity enhancement
paradigm investigated in this work, we first describe qualit-
atively the device behavior and the role for each of the actu-
ating forces acting on the beam. The deformed cantilever,
figure 1(b), is actuated by the electrostatic forces of two types.
The first is associated with the fringing fields emerging from
the S electrode. Since the fringing field actuation force gener-
ally cannot be described analytically in a closed form, it is con-
venient to approximate this force by the following expression
[31]

fs (x, t) =−ασ (w/d)V2
s

1+σ|w/d|p
(LS ≤ x≤ L) . (1)

Here f s (x,t) is the force per unit length of the cantilever,
w = w(x,t) is the beam’s deflection (positive in the positive z-
direction),VS is the voltage applied to the S electrode andα, σ,
p are the geometry-dependent fitting parameters. The approx-
imation (1) was previously shown to represent the fringing
field electrostatic force with good accuracy [31].

The second actuating force is the electrostatic force
provided by the PP electrode. It is approximated by a simple
PP capacitor formula

fPP (x, t) =
ε0bV2

PP

2(gPP −w)2
(2)

Figure 1. (a) Schematics of an undeformed cantilever actuated by
symmetric fringing fields emerging from the side (fringing)
electrode. (b) Deformed beam simultaneously actuated by a
parallel-plate (PP) and side (S) electrodes connected to the voltages
VPP and VS, respectively. Insets illustrate schematics of the fringing
fields for each case. Large arrow shows the restoring force FR.

where ε0 = 8.854× 10−12 F m−1 is the dielectric permittivity
of vacuum.

The electrostatic actuation forces f s and f PP are shown
schematically on figure 2(a) along with the linear elastic
restoring force. Due to the symmetry of the electrostatic field,
the force provided by the S electrode is zero when the beam is
in the initial, undeformed configuration. In the deflected state,
as a result of the fringing fields asymmetry, f s acts in the dir-
ection opposite to the beam’s deflection and effectively serves
as a restoring force [31]. In contrast, f PP is divergent and pulls
the beam toward the electrode and further away from its ini-
tial configuration. Moreover, this force grows infinitely when
the beam approaches the electrode, which may result in the
PI instability [43]. Equilibrium curves corresponding to the
actuation solely by the PP electrode and by the combination
of both PP and the S electrodes are shown schematically in
figure 2(b). The frequencies of the linear, small-amplitude,
free vibrations around the equilibria are shown on figure 2(c).
In the case when the beam is actuated solely by the PP elec-
trode, the equilibrium curve is typical for a spring-capacitor
model and contains only one limit point (the point of max-
imum) associated with the PI instability. When the S electrode
force is added, an inflection point emerges within the equilib-
rium curve. Since the slope at the inflection point decreases
with increasingVS, the effective stiffness and therefore the fre-
quency of the beam at this point can be tailored to an arbitrarily
low value [40]. For VS higher than a certain critical value, two
additional points of extremum—the local maximum (snap-
through ST) and minimum (release R) appear at the equilib-
rium curve indicating that the system is bistable [40]. As sug-
gested by figure 2(c), near the critical (ST, R and PI) limit
points the slope of the frequency–deflection curve approaches
zero and therefore the sensitivity of the frequency to deflec-
tion is pronounceably higher than in the vicinity of the initial,
zero deflection, configuration. While a possibility to operate
the device in the proximity of the PI point is limited due to the
danger of the stability loss and the PI collapse, the ST jump is
reversible. However, the device may require reset after the sta-
bility loss event. In this context, configurations, corresponding
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Figure 2. (a) Schematic representation of the forces acting on the
beam: the fringing field (S electrode) restoring electrostatic force
(blue), the electrostatic PP electrode divergent force (red) and the
elastic mechanical restoring force (gray line) E. (b) Resulting
equilibrium curve for Vs = 0 (solid line), close to the critical,
bistability threshold value (dashed line) and for higher Vs leading to
the bistable behavior (dots). (c) The natural frequency of the beam
as a function of the beam’s deflection Vs = 0 (solid line), for critical
Vs (dashed line) and for Vs corresponding to the bistable behavior
(dots). In the vicinity of the inflection point, high sensitivity is
observed (gray-shaded regions).

to the bistability threshold (dashed lines in figures 2(b) and
(c)), are promising since they allow smooth, continuous oper-
ation without compromising frequency sensitivity.

To provide a more quantitative description of the device
behavior, we present a model of the beam attached to a vibrat-
ing substrate and simultaneously actuated by the PP and the S
electrodes. The beam dynamics, considered in the framework
of the Bernoulli–Euler theory, are governed by the equation

EIyy
∂4w
∂x4

+ cẇ+ ρAẅ= fpp − fsH(x− xS)− ρAaB. (3)

Here A and Iyy are the respective area and the second moment
of area of the beam cross section, c is the viscous damping
coefficient and aB (t) is the time-dependent acceleration of the

substrate. Hereafter, overdots
•

( ) = ∂/∂t denote derivatives
with respect to the spatial coordinate x and time t, respect-
ively. The distributed electrostatic forces f PP (equation (2))
and f S (equation (1)) correspond to the PP and the S electrodes,
respectively. The Heaviside step functionH(x) is introduced to
take into account that the force fS is applied only to the end part
of the beam where x > xs = L—Ls, figure 1. Our calculations
show that the static deflection of the beam due to gravity is
of the order of few tens of nm, which is much less than the
beam thickness, and can therefore be neglected. In general,
due to the interaction and capacitive coupling between the PP
and the S electrodes, the resulting electrostatic force acting on
the beam cannot be calculated just by simply superimposing
the forces f PP, equation (2) and fS, equation (1) [32, 44]. How-
ever, to highlight the role of the interplay between the leading
factors that influence the device response in the framework of
the simplest possible model, we disregard the interaction and
consider the contribution of each of these forces separately,
as reflected by equation (3). Despite its approximate character
and simplicity, the model provides important insights into the
key features of the device behavior and contribution of each of
the loading factors on the beam’s response.

Using the single degree of freedom Galerkin approxima-
tion w(x,t) ≈ wm(t)ϕ (x), the reduced-order (RO) model of the
beam is built. Equation (1) is reduced to the ordinary differen-
tial equation (see [40] for details)

EIyyI1 wm+ cI2ẇm+ ρAI2ẅm

=
εbVpp

2

2

Lppˆ

0

ϕ

(gPP −wmϕ)
2 dx−

aσVS
2 (wm/d)

(1+σ|wm/d|p)
IS2

− ρAaBI3 (4)

where wm = w(L) is the beam’s endpoint deflection, ϕ(x) is the
fundamental Eigen mode of the cantilever and

I1 =

Lˆ

0

(
d2ϕ
dx2

)2

dx, I2 =

Lˆ

0

ϕ2dx, IS2 =

Lˆ

xS

ϕ2dx, I3 =

Lˆ

0

ϕdx.

(5)
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The equilibrium endpoint deflection w∗
m = w∗

m (VPP,VS) (here-
after stars (•)∗denote static equilibrium values) satisfies the
static counterpart of equation (4), where all the time derivat-
ives are set to zero[

EIyyI1 +

(
aσVS

2/d
)

(1+σ|w∗
m/d|

p
)
IS2

]
w∗
m

=
εbVpp

2

2

Lppˆ

0

ϕ

(gPP −w∗
mϕ)

2 dx. (6)

In equation (6), the left-hand side represents the restoring
(linear elastic and the nonlinear, provided by the S elec-
trode) electrostatic forces while the right-hand side is associ-
ated with the diverging electrostatic force provided by the PP
electrode.

To obtain the approximate expression for the frequency of
the free undamped vibrations around the equilibrium, we sub-
stitute wm (t) = w∗

m+ v(t), c = 0, aB = 0 into equation (4).
By linearizing the resulting expression around w∗

m and by tak-
ing into account equation (6) we obtain the effective mass
Meff = ρAI2 and the effective stiffness

Keff = EIyyI1 +

(
aσV2

S/d
)(

1−σ (p− 1)(w∗
m/d)

p)(
1+σ|w∗

m/d|
p)2 IS2

−
εbV2

pp

2

Lppˆ

0

ϕ2

(gPP −w∗
mϕ)

3 dx (7)

of the beam. Consequently, the linearized frequency associated
with equation (4) is

feff = f0(1 +

(
aσIS2V

2
S

EIyyI1d

)
1−σ (p− 1)(w∗

m/d)
p(

1+σ|w∗
m/d|

p)2
−

εbV2
pp

2EIyyI1

Lppˆ

0

ϕ2

(gPP −w∗
mϕ)

3 dx)
1
2 . (8)

Here f0 = (1/2π)
√
I1EIyy/(I2ρA) =

(
λ2
1

/
2π

)√
EIyy

/
(ρAL4)

is the mechanical (corresponding to the unactuated state) fre-
quency of the beam, where λ1 ≈ 1.875 is the fundamental
eigenvalue of the cantilever. Equations (7) and (8) show that
an increase in VS results in the increase of the effective stiff-
ness and of the associated natural frequency. In contrast, an
increase in VPP reduces the Keff and results in the softening
of the device. The nonlinearity associated with f PP is of a
softening type [42]. The nonlinearity associated with of f S is
also of a softening type, even for deflections smaller than the
value corresponding to the inflection point on the deflection–
electrostatic force curve, figure 2(a) [31].

3. Electrostatic force mapping

In order to obtain the fitting parameters appearing in the
expression for f S in equation (1), a two-dimensional finite

Table 1. Parameters of the beam used in calculations.

Parameter Value (µm)

L 2000
d 5
b 16
gS 5
LS 750
E 169

element (FE) analysis of the electrostatic problem within a
region surrounding the beam and the electrodes was carried
out. The COMSOL Multiphysics package was used for this
purpose. The dimensions of the beam are listed in table 1.
The electrostatic computational domain was a square with
the dimensions of 200 × 200 µm, figure 3(a). Zero potential
boundary condition V = 0 was enforced on the outer surround-
ing boundary of the computational domain and on the bound-
ary of the rectangular beam’s cross-section with the dimen-
sions d × b. The potential of 1 V was enforced on the S elec-
trode. The computational domainwasmeshed using 53 000 tri-
angular elements. The electrostatic problem was solved mul-
tiple times for the electric potential, every time for a different
position of the beam cross-section along the vertical z-axis,
figure 3(a). For each position of the beam, the electrostatic
force was calculated. Since the model is two-dimensional, the
analysis provided the force per unit length of the cantilever.
The FE results were least-square fitted using the Pade func-
tion (equation (1)) and the values of the fitting parameters were
found to be p = 2.44, σ = 0.27, α = 2.3 10−6 N (V2m). The
distribution of the electric potential for one of the configura-
tions is illustrated on figure 3(b).

In order to estimate the role of the electrostatic coupling
between the S and the PP electrodes, the electrostatic force
was also calculated for the configuration containing both the S
and the PP electrodes. The PP electrode of the width of 200µm
was located at the distance of gPP = 180 µm from the beam.
For these PP electrode parameters, the snap-through is pos-
sible, the associated deflections are comparable with the can-
tilever thickness and are far from the critical PI point. The
electrostatic computational domain was extended to the size
of 700 × 700 µm. The result, in terms of the electric poten-
tial, is shown in figure 3(c). Strong interaction between the
S and the PP electrode is observed. A comparison between
the uncoupled model, when the forces provided by the S and
the PP electrodes are calculated separately and then superim-
posed, and the force obtained using the model containing both
electrodes (figure 3(c)) is presented in figure 3(d). While the
discrepancy between the two models is somehow significant
(up to 30%), the approximate approach still captures qualit-
atively the leading features of the dependence between the
force and the beam deflection. Specifically, the model predicts
a force curve maximum and the character of the force decay.
While general mapping of the force can be built in principle,
the procedure requires fitting of the entire capacitance mat-
rix for each position of the beam, which is computationally
intensive [45]. In the present work, for the sake of simplicity
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Figure 3. Numerical results for the electrostatic potential for
(a) beam’s cross-section by the yz plane (b) with the S electrodes
(VS = 1 V) only, and (c) with the S electrodes and the PP electrode
(VS = 1 V, VPP = 2 V). In both (a), (b) the beam is located 10 µm
away from the S electrode center. (d) The forces (per unit length)
acting on the beam for Vs = 1 V and VPP = 2 V. The purple curve
shows the force calculated using the uncoupled approach, with the S
electrode forces and the PP force evaluated separately using
equations (1) and (2), respectively. Polynomial functional fit (green
line) to the FEM results (dots) from the full electrostatic field
analysis.

and transparency of the development, we continue to calculate
separately the forces provided by the S and the PP electrodes,
by using equations (1) and (2), respectively. The resulting
electrostatic force acting on the beam is then obtained by
adding the contribution of each of the electrodes. We found
that, despite its limitations, the simplified model qualitatively
explains the experimental results and provides insight into the
device behavior.

4. Model results

Calculations were carried out for the beam with the nom-
inal dimensions listed in table 1. The geometry of the device
is compatible with the adopted deep reactive ion etching
(DRIE)-based fabrication process on the one side and makes
it possible the device operational principle illustration on the
other side. For example, the minimal distance gS between the
beam and the side electrode was limited by the contact litho-
graphy resolution while the device thickness, the length of
the beam and of the side electrode were chosen to allow the
enhanced electrostatic tunability demonstration at reasonably
low actuation voltages of several tens of V. The deflection of
the beam and the frequency of the free vibrations around the
equilibrium were calculated as the functions of the applied
voltages Vs and Vpp. Figure 4(a) illustrates the equilibrium
of the beam and can be viewed as an evolution of the curve
VPP = VPP (w∗

m) with increasing VS. At VS = 0, the equilib-
rium curve VPP = VPP (w∗

m)is typical for a device actuated by
a PP electrode. Further increase of VPP may result in the PI
instability. Increase of Vs results in the emerging of the inflec-
tion point followed by the appearance of bistability. Bistable
behavior is observed at VS = 40V. Figure 4(b) shows the cor-
responding linearized natural frequency of the beam. Des-
pite that VPP is not shown on figure 4(b), since the deflection
w∗
m = w∗

m (VS,VPP) depends on the voltages, the points of the
frequency surface are mapped from the equilibrium surface,
figure 4(a). The implication is that for any point on figure 4(a)
with the coordinates (w∗

m,VS,VPP) there is a corresponding
point on figure 4(b) with the coordinates (w∗

m,VS, f).
Figures 4(a) and (b) are instrumental for the illustration of

the frequency tuning by using the appropriate combination of
Vpp and Vs. Specifically, in accordance with figure 4(a), when
VS = 0, the increase of the beam’s deflection is accompanied
by the decrease of the curve slope ∂VPP/∂w∗

m. Since the slope
is related to the beam’s effective stiffness, the frequency of
the device decreases as well. This is the well-known case of
the electrostatic softening when the stiffness and the frequency
are decreased as the device approaches the PI instability. The
corresponding path is shown by the arrow 1 in figure 4. In con-
trast, since the side electrode force is restoring, the increase of
VS results in the stiffening of the beam and in the increase
of cantilever’s frequency [31, 40]. For example, the increase
of the slope ∂VPP/∂w∗

m accompanying the increase in VS is
observed along the path shown by arrow 2 in figure 4. Arrow
3 shows the influence of VS and VPP. Within a certain range of
deflections, the increase of VSmay actually result in a soften-
ing, rather than hardening, behavior. Path 3 is shown for the
case of a constant deflection, and not constant VPP. In this case,
the softening emerges since the beam approaches the ST limit
point with increasing VS. In the context of resonant sensors,
the configurations with the maximal frequency-surface slope
∂f/∂w∗

m and the corresponding range of deflections are ideal
operating regimes that provide highest frequency to deflection
sensitivity.

The results presented in figure 4 are shown for the case
when the beam deflection is due to the force controlled by the
PP electrode. In this scenario, the device can be viewed as a

6



J. Micromech. Microeng. 32 (2022) 054001 N Krakover et al

Figure 4. Model results. (a) The equilibrium surface. The emerging
of the inflection point with increasing Vs is observed, followed by
the appearance of the bistable behavior. (b) Natural frequency as a
function of Vs and the deflection. The arrows marks numbered from
1 to 3, consistently in both (a) and (b), show possible tuning path:
1—softening due to the increased VPP and Vs hold constant;
2—stiffening for increased Vs and zero deflection at VPP = 0;
3—softening due to the increased VS and nonzero deflection at
VPP ̸= 0.

voltage sensor. Another interesting possibility is the case when
PP electrode is movable and the PP force is parameterized by
the distance gPPbetween the beam and the PP electrode rather
than by the voltage [16, 22]. In this framework, the voltages
VPPand VS are kept constant. The resulting PP electrostatic
force and consequently the frequency are affected by the PP
electrode displacement. The region of maximal sensitivity
with electrode displacement represents an ideal operating
regime for resonant displacement sensing applications
[22].

Figure 5. (a) Schematic view of the integrated device used in the
first experiment. The beam and the S electrode were attached via a
polymeric spacer to commercial ITO on glass, serving as the PP
electrode. Transparency allows optical interrogation of the beam
dynamics using laser doppler vibrometry (LDV) through the PP
electrode. (b) Scanning electron micrographs of the fabricated
devices. Scale bar is ≈300 µm. The PP ITO electrode is not shown.
Scale bar for the zoomed-in micrograph is ≈100 µm.

5. Experiments

Using DRIE, cantilevers and electrodes were fabricated from
a d ≈ 5 µm thick single crystal silicon device layer of a SOI
wafer with a≈ 2µm thick buried thermal silicon dioxide layer.
DRIE was also used to etch a cavity within the handle wafer.
The cavity was necessary to allow large unobscured vibrations
of the beam and to prevent stiction. The devices were released
using a vapor-based hydrofluoric acid process.

Two types of experiments were conducted. The goal of the
first experiment was to explore the influence of VPP and VS on
the cantilever frequency and to demonstrate thewide range fre-
quency tuning. In this experiment, we used a glass slide with
deposited transparent conductor, Indium Tin Oxide (ITO), as
the PP electrode. The transparent electrode-substrate combin-
ation allowed for optical interrogation of the beam. Using an
insulating polymer spacer, cut out of a commercially avail-
able sheet with a thickness of gPP ≈ 180 µm, the device was
attached to the slide in such a way that the device layer of
the SOI die faced the ITO layer. Figure 5 shows a scanning
electron micrograph of the fabricated device with the dimen-
sions L ≈ 2000 µm, b ≈ 16 µm, d ≈ 5 µm, gS ≈ 5 µm and
LS ≈ 750 µm. The experimental setup is illustrated in figure 6.
The chipwasmounted onto a custom-built PCB. The beam and
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Figure 6. Experimental setup consists of a vacuum chamber
positioned on the wafer prober under a microscope with a LDV. The
device is mounted onto a printed circuit board (PCB) board, which
is attached to an external piezoelectric lead zirconium titanate (PZT)
actuator (shaker). ITO on the glass coverslip is attached with
conductive tape.

the side electrode were wire bonded to the PCB contact pads.
The PCB, in turn, was attached to an external piezoelectric
actuator. The assembly containing the chip-PCB-piezoelectric
actuator stack was covered by the ITO slide, then placed into
a custom-built vacuum chamber and pumped down to pres-
sure of≈480 Pa. The chamber was placed onto a wafer prober
under an optical microscope. Using a network analyzer, a
sinusoidal, zero offset, voltage signal of≈10 V was applied to
the piezoelectric actuator. For the out-of-plane, inertial excit-
ation of the beam, the applied frequency was swept varied
between ≈1 and ≈5 kHz. In addition, steady-state voltages
VPP and VS were supplied by separate voltage sources to the
parallel plate and to the side electrodes, respectively. We used
a single-beam LDV in a velocity acquisition mode to meas-
ure the out-of-plane response of the beam. The output of the
LDV was fed back into the network analyzer. In parallel to the
spectral analysis of the output signal, the velocity time his-
tory provided by the LDV was measured in real time with an
oscilloscope.

The resonant curves are shown in figure 7(a). In the case
when VS = VPP = 0, the measured resonant frequency of the
beam was≈1.85 kHz. The calculated natural frequency of the
beam, using nominal dimensions, is ≈1.73 kHz. We attrib-
ute the slight discrepancy to the uncertainty in the beam’s
geometry. The experiment was repeated for several values
of Vs. Increasing VS from zero to VS ≈ 35 V caused a fre-
quency change of ≈67%, from ≈1.85 to ≈3.1 kHz, demon-
strating, consistently with the qualitative model prediction,
(equation (7) and figure 4(b), arrow 2) the significant electro-
static stiffening effect. The stiffening of ≈67% reported here
is higher than the previously reported values (≈11% in [31],
≈20% in [34]) and is achieved at significantly lower actuation
voltages. In accord with [31, 41, 42] for all VS values lateral
(in the y-direction) PI instability was not observed during our
experiments. This observation can be attributed to the fact that

Figure 7. Results of the first experiment demonstrating the wide
range frequency tuning. (a) Measured frequency spectra of the beam
for VPP = 0 and different values of Vs, demonstrating electrostatic
stiffening effect. (b) Measured frequency spectra, using a ≈10 V
AC actuation signal, of the beam for VS ≈ 35 V at different values
of VPP. In both (a), (b) the horizontal axis represents the
piezoelectric actuator frequency. (c) Resonant frequencies of the
beam, actuated by the PP and the S electrodes, as functions of the
PP electrode voltage VPP, for VS ≈ 0 (square), VS ≈ 25 V
(diamond) and VS ≈ 35 V (circle). (d) Frequency sensitivity to the
PP electrode voltage.

during the operation the deflection of the device statically (by
pp voltage) and dynamically actuated in the vertical z direc-
tion was comparable or higher than the beam’s thickness. As
a result, the electrostatic force in the lateral y-direction was
much smaller than the full static value associated with the ini-
tial configuration, which alsomay reduce the danger of the side
PI. The electrostatic softening due to the PP electrostatic force
is shown in figure 7(b). The results suggest that the response is
nonlinear and indicative of a softening nonlinearity [46] asso-
ciated with the configuration-dependent actuating electrostatic
forces, equation (4). Since the system demonstrates softening
nonlinearity and the excitation frequency is swept up, the peak
values of the resonant curves on figure 7(b) are associated
with the jump in the resonant response [46] and do not rep-
resent the (effective) linear resonant frequencies of the beam.
To illustrate the electrostatic softening, which manifests itself
in the frequency decrease with increasing VPP, because this
is not a linear Lorentzian peak, we used the frequency peak
value for comparison. Figure 7(b) shows a decrease in the
peak value (jump) frequency with increasing VPP. As expec-
ted, since the frequency decrease is related to a decrease of
the effective stiffness of the beam, larger amplitudes are meas-
ured for higher values of VPP. Figure 7(c) shows measured
peak frequency as a function of VPP, each curve corresponding
to a distinct value of VS. In all the cases, as predicted by
equation (7), the frequency decreases with increasing VPP with
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the decrease beingmore pronounced for higher VS. The sensit-
ivity of the cantilever to VPP is represented by the slope of the
curves in figure 7(b). Our data show that for the small amp-
litude vibrations at VS = 0, the cantilever’s frequency is only
slightly affected by the electrostatic loading provided by the
PP electrode. In contrast, at VS ≈ 35 V, the frequency change
of ≈25% is observed, from ≈3.1 to ≈2.35 kHz. In terms of
the frequency to loading sensitivity (figure 7(d)), our results
demonstrate a 20-fold enhancement of the sensitivity. These
experiments, with the use of the static (rigid) ITO PP elec-
trode, show all the leading frequency tuning effects as qualit-
atively predicted by the model. Our data show stiffening due
to increasing VS, softening when additional VPP is applied,
and the frequency to VPP (frequency to loading) sensitivity
enhancement achieved by increasing VS.

The goal of the second set of experiments was (a) to
demonstrate feasibility of a spectral-based deflection sensing
approach and (b) to show the frequency to deflection sensit-
ivity enhancement using fringing electrostatic field actuation.
These scenarios require a movable electrode. In our experi-
ments we used a pressurized flexible plate (‘membrane’) as a
movable electrode. Using a SOI wafer, circular ≈5 µm thick
Si membranes, ≈2000 µm in diameter were fabricated from
the device layer. This was achieved by DRIE circular cavities
in the SOI wafer handle with the buried oxide layer serving
as an etch stop. The remaining silicon dioxide layer was then
etched using a vapor-based hydrofluoric acid process. Follow-
ing device fabrication, the geometry of the device was meas-
ured by laser confocal microscopy. Due to the residual stress
and stress gradients in the multilayer assembly containing two
SOI wafers, incorporating several Si and SiO2 layers and poly-
meric spacers, the released cantilevers and the side electrodes
were not fully coplanar. We measured a deflection of ≈7 µm
at the free-end of the beams.

To attach the cantilever die to the membrane in such a way
that the device layer is facing themembrane, polymer spacer of
the thickness gPP ≈ 220 µmwas used (figure 8). The assembly,
containing the cantilever and the membrane dies, was moun-
ted onto a custom-built PCB. The beam and the side electrode
were wire-bonded to the PCB contact pads. The double chip
and the PCB stack assembly were placed onto a wafer prober
so that the membrane was positioned above the sink hole.
The sink hole was directly connected to a vacuum pump that
provided a variation in chamber pressure between P ≈ 5 kPa
and up to P≈ 70 kPa. The pressure was set manually using an
external pressure gage and was measured with the accuracy of
≈1 kPa. The side of the membrane facing the cantilever was
at the ambient atmospheric pressure. The velocity response of
the cantilever was measured using the LDV through the open-
ings in the handle of the SOI wafer and in the PCB. The pos-
ition of the laser spot of the LDV was monitored, through the
wafer handle cavity, using the wafer prober microscope. The
voltage signals supplied to the cantilever were supplied by the
network analyzer, which was also used to acquire the output
of the LDV.

The sinusoidal, zero offset, voltage signal with an
amplitude of VAC ≈ 1 V was applied to the cantilever. The
frequency was swept between ≈1 and ≈2 kHz. In addition,

Figure 8. (a) Schematic illustration of the movable-electrode
experimental setup. (a) The cantilever is positioned in the proximity
of a deformable pressurized membrane that serves as a movable
electrode. Handle layers of the SOI wafers are not shown. (b) The
device stack containing two SOI dies attached to a PCB board. The
PCB-die assembly is placed onto the wafer prober chuck in such a
way that the membrane is positioned above the sink hole. Cantilever
vibrations were measured by the LDV through openings in the
wafer handle and in the PCB.

using a separate power supply, time-independent, steady-
state voltages VPP and VS were applied to the membrane and
the S electrode, respectively. The experiments were carried
out under various combinations of VS and VPP. Figure 9(a)
shows the resonant curves of the beam for increasing VS with
VPP = 0. An increase of VS = 0 to VS ≈ 18 V, resulted in a
decrease of the resonant frequency from≈1720 to≈1605 Hz,
respectively. This corresponds to the relative frequency shift
of |feff − f0|/f0 × 100≈ 6.6%. While stiffening effect due to
fringing electrostatic fields was previously reported by many
authors [20, 31, 37], softening associated with the fringing
fields was rarely addressed [34]. A repelling cantilever actu-
ator operated by fringing fields demonstrated softening of
≈20% (in terms of the relative frequency shift) [34] when
actuated by the voltages of 200 V, which are much higher
than used in the present work. The softening registered in
the second experiment stands in a contradiction to the res-
ults of the first experiment, which showed the hardening with
increasing VS, figure 7(a). We attribute the softening effect in
the second experiment to the initial deflection of the beam in
the unforced, as fabricated, configuration. In accordance with
figure 4(b), due to even a small initial deflection, the hardening
can be replaced by softening accompanying an increase of the
side electrode voltage.
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Figure 9. Experimental results of the second experiment,
demonstrating the deflection sensing approach and the frequency to
deflection sensitivity enhancement using fringing electrostatic field
actuation. (a) Measured frequency spectra of the beam for
VPP = and for different values of VS, from VS ≈ 0 V up to
VS ≈ 18 V demonstrating electrostatic softening. Measured
frequency spectra of the beam, for the case of (b) VS ≈ 0 V and (c)
VS ≈ 25 V, with VPP ≈ 45 V, and for different displacements of the
membrane (the parallel plate electrode) varying between ≈0.03 µm
and ≈0.56 µm. (d) Frequency shift as function of membrane
displacement, for VS ≈ 0 V (green) and VS ≈ 25 V (purple). The
solid lines are polynomial fits of the measured results. Inset shows
the sensitivity of the frequency to the PP electrode displacements.

Next, the influence of the PP electrode displacements and of
the S electrode voltage on the frequency was investigated. The
deflection of themembranewas controlled by varying the pres-
sure. In order to estimate the measured frequency sensitivity to
the PP electrode displacement, the pressure was applied to the
membrane. For a given pressure P, the midpoint deflection w0

can be calculated as the solution of the following cubic algeb-
raic equation [47]

w0 =
3PD4(1− ν2)

256Ed3
(
1+ 0.488w2

0
d2

) . (9)

Here, ν is the Poisson’s ratio of the membrane material and
D is the membrane diameter. The implicit form of equation
(9) emphasizes that membrane deflection is strongly affected
by the geometric nonlinearity due to membrane constrained
in-plane tension. The measured frequency spectra of the can-
tilever with VPP ≈ 45 V and membrane displacements varying
between w0 ≈ 0.03 µm and up to w0 ≈ 0.56 µm, for VS ≈ 0 V
and VS ≈ 25 V are shown in figures 9(b) and (c), respectively.

Figure 9(d) shows the resonant frequency shift as a function
of the membrane displacement, for VS ≈ 0 V and VS ≈ 25 V.
The frequency of the cantilever increases when the pressure,

and therefore the deflection of the membrane, increases. Dur-
ing stiffening, as the membrane deflects the gap increases
between the PP electrode and the beam and in turn the PP elec-
trostatic force acting on the beam decreases. Consequently,
this gives rise to two scenarios. The first is that the smaller
PP force implies a less pronounced softening, and, therefore,
higher frequency (see figures 3(a) and 7(c)). Since this soften-
ing is related to the PP electrode force, softening is expected
for both zero and non-zero values of VS. The second con-
sequence is that for a smaller PP force the deflection of the
beam decreases, making the stiffening effect associated with
the S electrode force to be larger. This is because the slope
of the deflection—f S curve is the largest at zero deflection, as
shown in figures 2(a) and 4. The magnitude of the frequency
shift is strongly affected by the value of the side-electrode
voltage VS. For example, a shift of ≈30 Hz was measured for
VS ≈ 25 V, while only 13 Hz shift was measured at VS = 0.
Inset in figure 9(d) shows the frequency sensitivity ∂f/∂w∗

m
as calculated from the slope of the curve fitting the measured
data. For VS = 0, the measured sensitivity was≈23 Hz µm−1.
In contrast, when the applied S electrode voltagewas increased
toVS ≈ 25V, the sensitivity increased to≈98Hz µm−1, show-
ing more than a fourfold increase in the scale factor of the
sensor.

6. Conclusion

In this work, an approach for sensitivity enhancement of res-
onant cantilever-type displacement sensors is introduced and
investigated both theoretically and experimentally. To improve
the sensitivity of the device’s effective stiffness and frequency
to the parameters of interest, we introduced an additional non-
linearity by actuating the beam using fringing electrostatic
fields. The dependence between the beam’s frequency and
the measured parameters, such as the actuation voltages, or,
alternatively, the electrode’s displacement, was tailored by
varying the electrodes design and choice of the operating
voltages.

The RO model of a cantilever actuated by a gap-closing,
parallel plate electrode and by a side, coplanar with the beam
electrode, was built using the Galerkin approximation. The
parallel plate electrode provided a distributed transversal load-
ing resulting in the bending of the beam in the direction apart
from its initial, as fabricated, configuration. The side electrode
is the source of the fringing electrostatic field resulting in a
restoring electrostatic force controlled by voltage. The actuat-
ing force associated with the complex fringing fields was cal-
culated by solving the electrostatic problem numerically, by
means of the FE method.

Using the model, the maps were built presenting the rela-
tions between the PP and the S electrode voltages, the canti-
lever deflection and the linearized natural frequency, defined
as the frequency of free undamped vibrations around an equi-
librium point. Our model results show that the frequency of the
beam can be tuned by using the actuating voltages. Moreover,
the characteristic response can be switched from softening,
when the frequency decreases with the increasing actuating
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voltages or deflection, to stiffening, which manifests itself
in the increase of the frequency with increasing actuation
voltages. One of the distinguishing features of the suggested
geometry is that the cantilever actuated by a transverse PP
electrode loading and by the S electrode, is bistable. When
the device configuration is close to the bistability threshold,
very small changes in the parameters, such as the actuating
voltage, beam deflection or the distance between the beam and
the electrode, leads to a significant shift in the frequency and
even in the change in the response from softening to stiffen-
ing. This high tunability is an intrinsic beneficial feature of the
suggested architecture and is the main source of the enhanced
sensitivity of the device.

Two types of experiments were carried out using devices
fabricated from single crystal Si by DRIE. In the first experi-
ment, the beam was actuated by the unmovable PP and S elec-
trodes. We studied dependence between the beam’s frequency
and each of the voltages applied to the electrodes. In agreement
with the model prediction, we showed that the application of
the voltage VS to the S electrode results in the stiffening of
the beam, while the increase of the PP electrode voltage VPP

is accompanied by softening. Specifically, frequency up tun-
ability of ≈67% (at VS ≈ 35 V) and frequency decrease of
≈25% (at VPP ≈ 70 V and VS ≈ 35 V) were demonstrated.
More importantly, the application of VS ≈ 35 V, in addition
to VPP, leads to ×20 increase of the beam’s frequency sens-
itivity to the PP electrode voltage. In the second experiment,
the cantilever frequency sensitivity to the deflection of a flex-
ible pressurizedmembrane serving as a movable electrode was
studied. Our experiments show that increase of the S electrode
voltage from VS ≈ 0 to VS ≈ 25 V increases the device sens-
itivity by more than ×4, from ≈23 to ≈98 Hz µm−1.

The two scenarios of the electrode displacement sens-
ing showed in the second experiment—with and without
S electrode voltage—can be considered as two approaches
for frequency-based displacement sensing. The case of zero
Vs illustrates the cantilever frequency monitoring approach,
which is widely used, yet, is still less common compared
to capacitance or piezoresistive sensing. In order to compare
these results to the common capacitive sensing approach, both
input (deflection) and output (frequency) values were normal-
ized by calculating the relative change of the frequency per
relative change of the gap, i.e. (∆f /f 0)/(∆w/g0). In the case
of the quasi-static capacitive sensing, the relative change of
the capacitance (the gain) is (∆C/C0)/(∆w/g0) = 1. Based
on our experimental results, a relative frequency shift of
(∆f /f 0)/(∆w/g0) ≈ 3 was obtained for VS = 0. Therefore,
the cantilever frequency monitoring approach, even without
fringing field related enhancement, is more sensitive than dir-
ect capacitive sensing. Our experimental results show that in
the case with VS ≈ 25 V applied to the S electrode, the relative
frequency shift reached the value of (∆f /f 0)/(∆w/g0) ≈ 14.
The ratio between the relative sensitivities corresponding to
VS ≈ 25 V and VS = 0 is 14/3 = 4.6.

The approach considered in the present work can be imple-
mented for the performance enhancement of a large variety
of sensors. For example, in the inertial sensors such as accel-
erometers and gyroscopes, cantilever frequency monitoring

will allow measurements of the proof mass deflections with
higher sensitivity and lower 1/f noise. The same approach can
be beneficial also in AFM, acoustic, mass, and biochemical
sensors. Since themain goal of the present workwas to explore
the feasibility of the suggested concept, the parameters of the
devices explored were not optimized. We can argue that more
careful design and optimization of the device architecture and
operational parameters, as well as downscaling of the canti-
lever dimensions to the nanoscale, may allow further improve-
ments in the sensor performance.
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