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1. Introduction

L et K be a locally integrable function on R” x R"\{(x,y) : x = y}, then we say that K is a standard kernel
if there exist ¢ > 0 and C > 0, such that

[K(x,y)| <C/lx—yl", x #y;
ly —w|* 1 .
|K(x,y) — K(x,w)| < CW/W—M < §|x—y|,
x —z|*

— <C———
|K(x/y) K(Zry)| = C|x_y‘n+s’

x=zl < glx -yl
=5 Yl
We say that a linear operator T : S(R") — S'(R") is a Calderén—Zygmund operator associated to a
standard kernel K if

1. T can be extended to a bounded operator on L?(R");
2. forall h € L?(R") with compact support and almost everywhere x ¢ supp ,

Thx) = [ KGxy)h(y)dy.

Now, suppose that b € BOM(R") and T be a Calderén—Zygmund operators. The commutator [b, T|
generated by b is defined by
[b, T|h(x) = b(x)Th(x) — T(bh)(x). (1)

In recent decades, the generalized Lebesgue spaces with variable exponent and the corresponding Sobolev
spaces with variable exponent have attracted attention of researchers. Due to the fundamental paper [1] by
Koviécik and Rakosnik appeared in 1991, the theory of these spaces made progress rapidly and these studies
have many applications in partial differential equations, fluid dynamics and image restoration [2-5]. One of
the main problems on the theory of function spaces is the boundedness of the Hardy-Littlewood maximal
operator on Lebesgue spaces with variable exponent. Many researchers [6-9] considered the question of
sufficient conditions on the exponent function p(x) to obtained the boundedness of Hardy-Littlewood maximal
operators.
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Jouné proved that if T is a e-Calder6n—Zygmund operator, then T is bounded on L?(R") [10]. Coifman,
Rochberg and Weiss proved that the commutator [b, T| is bounded on LP(R")(1 < p < 1) [11]. In 1997, Lu [12]
showed the commutator [b, T on Herz-Type spaces. In 2006, Cruz-Uribe et al., [13] established the boundedness
of some classical operators on variable L7 spaces by applying the theory of weighed norm inequalities and
extrapolation.

The Morrey-Herz spaces have been playing a central role in harmonic analysis [14]. The boundedness
of some operators and their corresponding characterization of these spaces with variable exponent p(x) were

studied widely [15,16]. Recently, Morrey-Herz spaces MK (()) A( )(R”) and MKZ(()) ’2(_) (R") with three variable
exponents were studied by Wang and Tao [17].
2. Definition of function spaces with variable exponent

In this section we will recall the definition of Lebesgue spaces with variable exponents and the

Morrey-Herz spaces with three variable exponents. Let () be a measurable set in R” with |Q| > 0.

Definition 1. [11] Let p(-) : Q — [1, 00) be a measurable function, the Lebesgue space with variable exponent
LP0)(Q) is defined by

) . ()] \ P
LPY)(Q)) = { his measurable : / o dx < oofor some constant > 0 » .
Q

The space LZ()C)(Q) is defined by LZ()C)(Q) = {his measurable : i € LP()(K) for all compact K C Q). The
Lebesgue spaces L ()(Q) is a Banach spaces with the norm defined by

Rl o = inf >O:/ — dx <1},
| ||LP()(Q) inf{# Q( n <1}

where p_ = ess inf{p(x) : x € Q}, py = ess sup{p(x) : x € Q}. Then P(Q) consists of all p(-) satisfying
p— >1land py < co.

Let M be the Hardy-Littlewood maximal operator. We denote B(Q)) to be the set of all function p(-) €
P(Q) such that M is bounded on L) (Q)).

Let us turn to recall the definition of Herz spaces and Herz-Morrey spaces with variable exponents. We
use the following notation;

Let By = {x ER": x| < 2k},Ck = B\Bi—1, Xk = Xck,k e Z.

Definition 2. [17] Let p(-),q(-) € P(R"),a(:) : R" — R with a € L®(R") and 0 < A < oo. The
a()A

nonhomogeneous Morrey-Herz space with variable exponent MK a()p() (R™) and homogeneous Morrey-Herz

space with variable exponents MKq (()) () (R™) are defined by

a(-),A ny _ p( n
MK 5oy (RY) = {h e L) (R"\{0}) : Hh"MKZE_'));;(_)(Rn) < 00} ,
and

MK ) = {1 € LD @D : Iilyeon o) <)
qt).p(-

2620 |l |
n

250 | By |
n

respectively, where

koez k=0

Hh|| (Rn) inf{iy >0:sup2” ko)‘z

ko
— 1 . —ko)\
Pl o —mf{v > 0ssup2 0t Y

koez k=—0c0
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o o ' min py, E ay <1,
Remark 1. [17] Letv € N,a, > 0,1 < py, < 00. Then } a, < ( Y av> , where p,, = el >
=0 v=0 max po, Z a, > 1.
veEN =0

Definition 3. [18] For all 0 < B < 1, the Lipschitz space Lipg(R") is defined by
: [1(x) = h(y)|
Lipg(R") = < h e ||k iy rey = sup ———— < 00,.
P Llp/s( ) x,yeR"x#£y ‘x - y|/5
3. Properties and lemmas of variable exponent
Proposition 1. [19]If p(-) € P(R"), then

P =P € o

C
lp(x) —py)| < W,

if lx—yl<1/2,

if lyl = |x[.

Lemma 1. [1] Let p(-) € P(R™). Ifh € LPU) and g € LV'0), then hg is integrable on R” and
[ I3l < Cpllll o o 18l o

1
whereC,g—leffpf+

Lemma 2. [1] Suppose that p(-), p1(-), p2(-) € P(R") and for any h € LPO)(R"), ¢ € LP20)(R™), when ﬁ =

1 1
m + m, weget

11N Loy (mny < CIll o) oy 1€l Lr2 ey /

1
1
where Cp, p, = [1 + Pl— — P1+]p_‘

Lemma 3. [20] Let b € BMO(R") and i,j € Z withi < j, then

L C7[bllpmown) < sup HXBH H bB) X8| 1p0) ey < ClIbllBpor;

2. ||(b = b, ) xB; | a0 (mey < C(] - 1)||b||BMO(Rn)HXB]-HM(»(Rny

Lemma 4. [21,22] Let p,(-) € B(R")(u = 1,2), then there exist constants 0 < d,1,6,» < 1and C > 0 such that for
all balls B C R" and all measurable subset R C B, we have

B u(:) (R R u() (R u2 ||XRH LG (Rn du1
128 Lot ) <C||B|| AR o) Ry - <|R|> LPA0) (Rn) <C(|R|> '
)

”XRHLPM(‘)(]R" R|’ HXB”Lpu(-)(Rn) ﬁ ’ HXB”Lp{,(-)(Rn) o E

Lemma 5. [11]If p(-) € B(R"), there exist a constant C > 0 such that for any balls B in R", we have

1
@”XB”LP(‘)(R")HXBHLP’U(RM <C.

Lemma 6. [11] Suppose p(-),q(-) € P(R"). Ifh € LP1)10), then
min (”h‘@(»q(w ||h“2;<->q<<>) < 117y < max (”hHZ;(-w)f ||hHZ;<->q<~)> '

Proposition 2. [11] Let Ig be a fractional integrals operator p1(-), p2(-) € B(R") and 0 < B < n/(p1)+- Ifﬁ -

_B
) = then we have

HIﬁhHLPz(-)(Rn) < C”hHLm(‘)(Rn)r

forallh € L10),
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Lemma 7. [11] Suppose that [b, T| as defined in (1) and p1(-), p2(-) € B(R"). If b € Lipg(R") (0 < B < n/(p1)+)
and ﬁ - m = %, then [b, T) is bounded from LP2()(R™) in to LP1() (R").

Proof. Setb € Lipg(R")(0 < B < 1), then

b, TY () ()] < [ [(b(x) = b(y))K(x, y)h(y)|dy

R‘Vl
C
< _ -
< oo |00 = b)) = w)ldy
)|
< Clblluin ) [, 1 s

Notice that 0 < B < n/(p1)+ so by applying Proposition 2, therefore

0, T)E) oncr gy < iy 1 D s gy < SOy 1l s -
O

4. Main result and proof

Theorem 1. Suppose that p(-) € B(R"), q1(-),q2(-) € PR") with (q2)- > (q1)+. If M(q2)+ =
Aa(g1)—, M/(q1)— —ndp < ay < A/(q1)— + ndyy with 511,012 as in Lemma 4, then the operator T is bounded

ay,A a(-),Az
from Mqu 5, (R") to MK%(.),p(V)(R”).

()p()

IX+,/\ n .
Proof. Leth € Mqu(_),p(_)(R ). Write

h(x) = Y b)) 2 Y hi(x)
j=0 j=0

By the Definition 2, we get

(zka<~)|T<h>xk|>"“')
n

ko
ITH,, arry o, =inf < 77> 0:sup 2 koA )
MK Gty ®) koez =

For any kg € Z, we have

o~ 2(-)
. 2keC) |y T(hi)x
ror A2 || (2590 T () x| = ot j=0 )
2 —koAz Z < 2~ koAz Z
k=0 n LIONN k=0 3
1720) Y i
i=1 p0)
1920)
B 72(+) k1 72(+)

6 [ 20| Z T(h)x o L 20| X T
<olola 3 =0 Lokl 3 k1

k=0 711 k=0 12

PL). P
1.92( L720)
2(-)
w220 2 Ty)xx
Y 0 j:k+2

4 2 ko2 Z

k=0 s

P
L72()
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Let
. i oka(-) ;O T (hj) Xk
m1 = | Y T(hj) =inf{ 5 > 0:sup2 kot Y = <1
j=0 MK gy koez k=0 U
a2().p() p()
L220)
k1 ko 2ka(") '_%, ) T(hj)xk
ma=|| Y T(h) —inf{y >0:sup2 fot2 }° = <1
j=k—1 MESOM2 () koez k=0 n
a2().p() r()
L920)
72(+)
00 ko 2k 7‘% , T(hj)xk
M3 = Z T(hj) =inf¢n>0: sup2*k0)‘2 Z = <1
j=k+2 MO (R koez k=0 n
a2().p() p()
L20)
and
3
n= 2 Mi-
i=1
Thus, we have
k k(- 72(+)
27k0)\2 ZO 2 #( )|T(h)7(k’ <C.
k=0 U 2o
L92()
This implies that
3
IOtz (g < C1 = C Y- 1 @
a2 ()p() i=1
Hence, it suffices to prove
M1, 1z, s < Cipig < CHh||MKa(<).,,\1. ®")
71 ()p()

Denote 10 < Cl] 02

1 n
a100p0) (B

Step 1. We first estimate #1,. By Lemma 6 and the T-boundedness in L? Q) (see [10]), we conclude that

k+1 92() ka1 (q3)k
W 120 T Thx ko 12901 T T(h)xid
2—koA Z j=k=1 < kol Z j=k—1
k=0 110 k=0 10
) .
Lﬂpzﬂ Lr()
1 1
ko [ k+1 || p(k=fatpjat | (1. (92) ko [ k+1 || 2jas|p. (@2)
§2*k0A2 2 ( 2 | ( ])Xk‘ Sszo/\z 2 Z | ]| , (3)
k=0 \j=k—1 o 1r0) =0 \j=k=1]| Mo |0
where
k() T T,
| y () Xl
i
(qz)_/ ;//10 S l/
N )
(ah)k = wo et i
2Ry )kilT( i)kl
i
(92)+, — > 1.
Lr)
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By applying Lemma 6 in (3) and assuming that A1(g2)+ = A2(q1) -, we have

k+1 qZ(')
ko Zkl)‘(’)| ‘72 T(h])Xk| ko k+1 2j1x+ |I’l| (q%)k
k=0 o k=0 \j=k—11 710 |[;p0)
L0
k Kt (7 k ket 7(-) %
< p—kohz ZO; < 280 || ) < 2k i (2 +|th|> i
k=0 710 1720 k=0 110 Lqpl(i‘?)

1)

(@x
p()
L31()

>~

2 i \ "
Mo

ko
< Z 2—koA
k=0

where .
25+ ||
()i = (40— | =0 Hm) =1
Uk (q1) 28+ [l > 1
L+ Mo Lr()
Since h € MK+ (R™), it is easy to see that
71(1)p()
7 ()
p—kols 25+ By | <1
110 LIONE
L710)

From above, with (41)+ < (92) -, we get the following inequality

P () k+1 ‘72(‘)
- .
6 {240 ‘:%1 T(hj) x| ko 2k | 0l
27k0/\2 Z J <C Z 271{0)\1 Xk < C.
k=0 10 T =0 110 FIONE
() Ln0)
L920)

These imply that

M2 < Crpio < Cllkll e g
a1()p()

Step 2. Let us turn to estimate 7715. For each k € Z,j < k —2 and a.e. x € Ry, applying the generalized Holder
inequality, we have

Tl < [ 1K) () ldy < €275 [ hy)ldy < €270 sy
: ]

k-2

By Lemma 6, we have

o 020 k=2 (42
ko 2k )Y T(hy) il ko 2O T(hy)xil
2—koA2 2 j=0 < 2 koA Z =
= 110 k=0 o
L;;T'?) Lr()
. k2 (43)x
k|2 *0)] X 27 |l 1 ey Xk ko k-2 h (@)
Y j=0 —ko\ ka —kn ]
<crkhy” < C2foha Y ok y k) L Ikl Lo ,
k=0 110 k=0 =0 ol re)

Lr()
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where s
2ke()| io T () xx|
=
@) | —5—| <=L
(@5 = L¥()
2ke()| E T (hj)xx|
(q2)+/ 7710 > 1.
Lr()
By Lemmas 4 and 5, we have
72(°)
o {20 z ()0
koAz -
kgo 10
p()
72()
kot 3% [ oty =k hj 2
< €272 2 x|l 128, 1| oo Xkl o
k—O{ ; Mo llpre)wny Lt o
2
ko — Iy XB (12)k
<C2 koAs 2 Z E || HU’ | k|
k=0 j=0 110 | r() (R) HXkHLP
B it} @)k
< Cz—k[)/\z 2k0( Z n(5112 jey X]
j=0 710 LV<')(R")
. (@)
k k—2 JL3 .
< C2 ot ZO; Z o (k=j)(a+—nd1) thf , @)
k=0 | j=0 Mol Lp0) (e
Applying Lemma 6 on (4), we obtain
72(°)
Jeae( 1 (@)
ko oka( ‘ Z T(h Xk| ko | k=2 . 2]‘lX+hX4 q(-) 72); 2
2—koAz Z < 2 ko2 Z Z o (k=j) (et —nd11) ]
k=0 10 o i—o | i=o 110 p(:))
() L7
L720)
() 1 (7@)k
k k—2 j oy \ N1 )
< 2 ko2 ZO 7 (k=k)A; y g(k=j)(ay—ndn1) o | ojA1p—jM . 27 hx; v
B k=0 =0 (=0 Mo p0)
= = = L0
1y (B
ko k-2 , o 20 7() @)
<cy. 2 (k=ko)Az y p(k=j)(ar—ndy—=A1/(q1)-) [ 2—iM Y ] ,
= j=0 (=0 Mo pl)
— ] = LN )
where ‘
2%+ | hy i
(q)- | et <1,
2\ Lr()
(ql)] - oy .
(g1)+, || ] > 1.
’ ol e
Noting that h € MK;‘:({/)\lp(.) (R") and &y < néyy +A1/(q1)—, so we get
- 72(")
ko 2 a( | Z T( )Xk' ko k—2 (q%)k
9—kol2 Y. <cy 2 (k=ko)A2 (Z z(k]')(“+n511/\1/(‘71))> <C.
k=0 o k=0 =0

»0)
L720)
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This implies that

M2 < Cnyp < C||h|\MK O gy
91 (-)p(-)

Step 3. Finally, we consider 7713. For each j > k+ 2 and x € Ry, y € R;. By the similar argument in Step 2, we

obtain that
|Thj(x)| < C277" || 1 (gny,
and
00 32(+) 00 (qi)k
ko 2k )| T (hy)xel ko 2k )] T(hy)xxl
2—k0/\2 Z j=k+2 < 2—k0)\2 Z j=k+2
110 N k=0 M0
Lot L)
00 . (qg)k
" 2ktx(')| 4 Y zi]n”h]’HLl(R”)Xk‘ ko o 0
S szk())\z Z j=k+2 S szko/\z Z {2k0¢+ Z 2*]7’! e
k=0 "o k=0 j=k+2 o
Lr()
where
2k () \ z [T
(qz)_f ;710 S l/
(7)k = - L0
2ka()] ,7%2 T(hj) Xl
(‘]2)4-, ]77710 > 1.
Lr()
So, by Lemmas 4, 5 and 6, we have
00 72(°)
2k )] T(hy)xel
_ 0 i=k+2
2 koo 2 )
1710
)
LI;;T
ko (CIQ)k
—k kooy
<C2 o2 {2 Z 277 ||~ HXBjHLp’(») |Xk||LP(')}
k=0 j=k+2 ’710 O (Rn)
k ) (@)«
< Cz—ko/\z L 2k“+ 2—jn % h] HXkHLV |B |
k=0 j= k+2 110 [1LpC) (R HXB HLP
3
ko o 2j“+hx' (@)k
S C27k0)\2 2k1X+ 2 2 k ] n0122 ]1)(+ - N
k=0 j=k+2 Mo U’(‘>(R”)
") 1 (@)
k o iy \ 1O || @)
< C2 kot : Z 9 (k=j)(ay+ndy2) <2]th]> " ,
k=0 | j=k+2 o 2
where .
jo .
(91), 2 || <1,
( 3), _ _ o Lr()
j 2+ | .
(ql)Jr/ o >

(q
”XkHLP(‘) }
L1(R)

3
2

)k

7
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Hence, h € MK*+"M

O, ()(R”)and —nd1p +A1/(q1)- < a4, so we get

72(+)

[ee]
o [ 201 X T(y)xid ko [ o iy \ 1O =
2—koAz Z j=k+2 < C2 ok Z Z o (k=j) (et +nd12) Xj
110 k=0 | j=k+2 "o 25
L31()
P0).
L20)
1y @
ko o ] ) ] j 2€a+h)€, q1(+) (Q?)]
< 2 koh Yy 9—koAz7 (k—k)Az Y p(k=j)(a++nd) o [ njAip—jM Y ( ]>
k=0 j=k+2 (=0 1o 25
. , ") %) (@)
(o] o 1)
S C ZO: 2(k7k0))\2 Z Z(k ])(D(++1’Z512 )\1/(@1 2 ]/\1 2 <2 +hx > 1]
=0 j=kt2 (=0 o e
ko o (3)k
<c). 2 (k=ko)Az ( Y 2(kj)(0¢++n512A1/(q1))> <C.
- j=k+2
Hence

3 < Cijip < CHhHMKu

0w ®Y

This completes the proof Theorem [J

Theorem 2. Suppose b € BMO(R"). Further suppose p(-) € B(R"), q1(-),92(-) € P(R") with (g2)- > (q1)+. If
M(g2)+ = Aa(q1)—, M/(q1)— —ndp < ay < A1/(q1)— + ndyy with 611,612 as in Lemma 4, then the commutator

[b, T| is bounded from MK;‘R(/)\}p( (R") to MK ((>) o) (RY).
Proof. Letb € BMO(R"),and h € MKZr(ﬁ))‘lp(_)(R”). We write
h(x) =} h(x)xj(x) £ ) hy(x).
i=0 i=0

By the Definition 2, we have

(z"“ )|, T) >xk|>"2(‘)

|| [b, T] (h)”MK,x(.),),\z( (") = inf {17 >0:sup2” koA Z

72().p(") kocz =0 1
Let
32(+)
v w ||| 20 70[5 » T)(hj) Xk
172] — Z [b/ T] (h]) = lnf 17 > 0 . Sup Z—ko)\z Z ]J= ;7 S 1 ,
i=0 a(-)A N ke =
! MK, (5 ) (R") z )
L220)
32(+)
k+1 ka(-) 4_%: 1[5, T](h))x
N2 = Z b, T](hj) =infdn>0:sup2” koAs Z j= —17 -
i=k—1 a(),Ap " ke =
! MKy, () ®?) z N
L20)
72(+)
S w [[[ 200 2T
23 = Z [b, T](hj) = inf n> 0: sup 2*1(0)\2 Z J=K+ <1
j=k+2 MK‘X(')’/\2 (R™) ko€z k=0 Ui
72().p(") "
L20)
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Then, for any kg € Z, we deduce that

(zk“ O[[p, T](h)m)q“')

Ui
102
o 32(+) 32(+)
w |20 L 0, T) (k) 6 I 25 | O[b T)(hj)xi
< 2—]{0)\2 = < 2—](0)\2 ]:
B k=Zo % , N kgo H21
12i
i=1 p) p)
L920) L20)
32(+) 72(+)
w [ 290 2 [, TI(h)x 6 L 20| 2 b Tl x
+27Rh2 Y i +27Rh2 Y e ,
- 22 k=0 123
). ).
L920) 1920)
and
3
n=)_1mi
i=1
This implies that
3
16 T s gy < 1 =C 1 1
a()p() i=1

Hence, we only need to estimate

1121, 122and3 < CJ[b]|« ||h||MK ( ()(Rn)-
)

Denote 10 S CHh” l’f(')/)\ e
n ) ®")

Step 1. We estimate . By the boundedness of commutator [b, T] on LP()(R"), together with Lemma 6, it

follows
k+1 92() k+1 (Q%)k
ko 2ke() | %be T](h;) xk " 2keC)| %1[17/ T (hj) xx|
277‘0)‘2 J=5 < 2*’{0/\2 J=K=
k;’) e k;’) 110/b]|«
pL). Lr()
L7220
ko k+1 (k=j)at ojo ) (@) ko k+1 jar |1, (42)x
< o-koka Z ( Z 2 +2 +|[b,T](h])Xk| ) < ko2 Z ( Z 2 +|h]| ) ’
k=0 \j=k—1 mol|b][« () k=0 \j=k—1 Mo |00
where
2ke) \ Z [b T] () xx|
(@2)~ | 55T <1
(92)k = » Lo
2kal \ ): [b T] () xx|
@)+ | —55TT: > 1
Lr()
Therefore, since h € MK‘X*( ))‘1 ( )(R”) we can obtain
<1

n—koAs

2kzx+ |th| 71()
10
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From this, and by Lemma 6, if (q1)+ < (42)— and A1(q2)+ = A2(g1)—, then we get

k+1 ‘72(')
O [b, T () xd !
ko 2 = ’ 7 Xk ko k+1 2j0(+ ‘h| (qz)k
27](0/\2 Z J=K= S 271{0)\2 Z 2 ]
= e k=0 \j=k—1|| 0 || 0
)
Lqui-)
(43) ) (q%i)k
k 92k k 1001 (a7)
< p—kohz ZO; ( 2k | ) : <okl 3 (2"”‘+|th|> T
o - 110 - — 110 20)
k=0 Lr() k=0 L7(
) (e
k i (@})
< ZO; ko1 250+ [ Tk
- 110 ()
k=0 Ln()
where ;
25+ [ x|
(91)~ || =7 "LP() <1,
(‘11)k - 2ku‘+‘h)( |
(ql)-‘rr . >1
20 Lr()
This implies

121 S C||b||*7710 S C||b||*||h||MK”‘+')‘1 (]R").
a1 ()p()

Step 2. Next we estimate #/22. Let x € Ry, y € Rjand j < k — 2 then 2|y| < |x| and applying the generalized
Holder’s inequality, we have

b, T ()| < [ 1K) 1o() = b))y < C27% [ Jo() = b(w) 11y (v)ldy

< ok [|b(x) —ij|/R‘ \hj(y)|dy+/R‘ b(y) —bs,-!hj(y)ldy]

< C27* [1b(x) — b 1l 1 ey + 116 = b5 e | -

Therefore, by Lemma 6, we have

’ k—2 72(°) L k—2 (@)
o || (2401 T 0, TI0)xd o || 201 (b T
oo = < calo T
k;o [1b]]+1710 , kg'J [Bllr0
o
o Lr()
k2 . (@)
" o) tx(~)| ‘ZO 2(j—k)ep—n |b(x) — bB]- | ||h||L1(]R")Xk|
koA /=
sc ) EIET
Lp()
2 (a3)x
" 2k1x(~)| '):O zfnkH (b — bB].)I’Z]‘HLl(Rn)Xkl

+ C2 ko2 =

L EET

Lr()
2

ko 2 |(b*b)h| (‘lz)k
< C2 ko2 okay N7 o—nk || 1N TN XB .

kgo ( ]E) ||bH*7710 LE) ” k||LP()

i}

ko k—2
+ szk())\z Z 2k1X+ 2 zfnk

k=0 j=0

(ﬂ%)k
bl (b = b7) xs, |l ot ,
o sy 17171 »kum>
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where

2k z [b,T) () xx|
(92)— | —mT: <1
(@5 = Lrt)
2k ()| Z (6,71 (hj) x|
(92)+, | —omT: > 1.
Lr()
By applying Lemmas 3 and 6, we get that
72(+)
o {20 z b, T) ()
2—](0)\2
L T
p()
L920)
(43)k
hohy = |h'| |(b —b;)xB;|
< 2 ko2 ke Z W] ||XBkHLP(-)
k=0 j=0 o llLrt) (mr) * LY ) (R
ko - || (@)x
+ c2 ket ok =L A e (K — A
P < ; 1o |l o) ”XB]HLP()(]R )( ])”XB/(HLP()
k _ h ) /o (q%)k
< 2oz Z Z | ‘ _]) ”XB]HLP() |Bk|
k=0 j=0 10 [l Lr() (Rn) 1%kl

ko
< C2koAz Z

Thus, noting that h € MK "’ "

(Z —j)2 9 (k=j)(ay.—ndyy)

10

(Q%)k
LPO) (R7) )

(1l )(R”) A(g1)— = A2(g2)— and a4 < nd11 + A1/ (q1)+, we obtain
72(°)
o || (2<0TE T
7k0/\2 ]_
L EER
pC)
La2(
) (@5)k
- ko | k=2 21a+|h " Dj
< C2 ko2 Z Z(k—]) p(k=j)(a+—ndy1) ( - ) "
k=0 [ j=0 417‘)(]1{")
1 (43)
k—2 ) o ) ('71)1‘
< C2 oAz Z Z(k—j)Z(k_])(‘”_”‘s“) njrp =it Z (2;%) p()
j=0 =0 10 L0 (rn)
1y (B)
ko | k=2 j 2lar |y, 1() 7)j
< 2 k=ko)Az Z Z(k_ )z(k Dlar—ndi—A1(q1)-) | o—iM Z | Xl
- J )
k=0 | j=0 (=0 o LAY (R
k=2 (@)
<C Zz(k ko)A (Z p(k=j)(a+—nd11—A1/(q1)- )) < C.
k=0 j=0
where
2%+ |y
) (5]1)—/ T] 10 <1,
(‘h)] = ijur‘h)(]-‘
(Q1)+, 110 >1
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This implies that

7722 S C||b||*'710 S C||b||*||h||MK’X+')‘1 (Rn)
91().p()

Step 3. Finally, we 7723. Let x € R,y € Rjand j > k+2. Since ay > —ndyp + A1/ (q1)-, by the similar
argument in Step 2, we get

6 Thy(x)| < [ IKGry)llb() = by (y)ldy < €277 [w(x) =y | [ )y + [ 1by) s Iy dy

< C2 [Ib(x) = b Wil oy + 110 = B, Vg3 g

and
() 32(-) AT (@3)k
L 200 (b, T](hy) 1290 2 (b, TI(hy) Xkl
27]{0)\2 ZOZ ]:k+2 < C27k0A2 ZO: ]:k+2
= 1611710 - = [[b[]+1710
()
L% Lr()
) (a3)k RTI- (3)k
o 12971 X [b(x) = by [[IA]] 1 o Xk | w 12501 X (0 = b))k gy Xkl
< CZ_kOAZ Z ]=k+2 4 Cz_ko/\z Z ]=k+2
N k=0 ||b||*7710 k=0 ||b||*7710
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3
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3y Lr()
(q2>k zka(.)| ‘ %Jrz[brT](hj)Xkl
=
(92)+ Tl > 1.
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Therefore
k() 00 72(+)
o (2501 & B
27’(0/\2 Z ]:k+2
= [16[] 1710
r0)
L720)
1 (@)«
ko s j 2Z“+|h | 71(+) n)j
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k=0 j=k+2 £=0 0 L0 (Rn)

ko ©0 (qg)k
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which implies that
25 < Clbll o < CIBIL Al ey g
71 ()p()
Combining the above estimates for 7,1, 22 and #23, the get our desired result. O
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