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Abstract

This paper introduces a new theorem(B‘)(E,l) product summability of Fourier series which is the
generalization of the result given by Izumi S. [1] undeta@g@us conditions.
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1 Introduction

Let f(X) be a functionintegrable in the sense of Lebesgue over the inte(ﬁazln) and periodic with the

period277 , Titchmarsh [2]. Let the Fourier series associatet \fv(tx) be

©

i A, (x) =%ao +>"(a, cosnx+b, sinnx) (1.1)
n=0

n=1
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An infinite seriesz U, with partial sumsS, are said to be summab(B)(E,l)toS , if

1 n

—Z E, S asn — o (1.2)
n

Where E,,stands for the(E ,1) mean ofS, Hardy, [3].
We shall use the fixed real numbexsands, the following notations,

¢(t) = f(x+t)+ f(x-t)-2s
qbl(t):ﬁqo(u)du
.| psint +t

ol sm{z }

t oy p{p(l—(;ostj}

Lo s psint +t

PP

hiny)= dtt exp{p{l—;ostj}

In 1903, Lebesgue H. [4] gave the convergence criteriedarier series, at a poirX by proving the result.

THEOREM A: If

I;|¢J(u]du =oft) ast - 0
and

J~f7 |dt)_tdt +%X

P R = oft) won -

then the Fourier series of (X) converges tof (X) at the pointx .

Generalising Theorem A fo(C ,1) summability of Fourier series, Izumi S. [1] proved tbkowing result.

THEOREM B: If

I;(zi(u)du: O(t) ast - 0

and
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,[,7 |dt +%)_§dt)|
g t2

dt=01) asn - oo

then the Fourier series is summa(@,l) to the sunt.

Recently, Saxena K. [5-6] has proved a theorem for thduot summabilith,l)(E,l) of Fourier series
under analogous conditions.

THEOREM C: If

I;(zi(u)du: oft) ast — 0

and

jl] |dt)_§t +%X

T oy * dt=ofn)

asn — oo, for fixed positive number; >0, then the Fourier series (1.1)(@ ,].)(E ,].)summable toS at the
pointX .

Various researchers [7-12] proved some interesting resultsxomasiility of Fourier series.

Since, under the conditions of Theorem B, Fourier sésiast (E ,1) summable to any fixed number, so it is

natural to expect the extension of Theorem B for the ptoslummability(B)(E,l)of the Fourier series
under analogous conditions.

2 Main Results

In this section, we prove the result by generalizing the donditof Theorem B for Borel-Euler product
summability of Fourier series.

THEOREM 2.1: If

I;qo(u)du =oft) ast ~ 0 2.1)

and

f%) M exp{— p(l_—czmj}dt =o(1) (2.2)

As P — o, for some fixed positive numbe} >0, then the Fourier series (1.1)(iB)(E,1) summable to
Sat the poiniX .



Saxena and Prabhakar; ARJOM, 8(2): 1-12, 2018;ctno.ARJOM.33839

3 Reations

o 1 m m+1
Z{ Jsm{k+§jt—2 cos" 2sm( 5 jt (3.1)

k=0

(oS o2
Imexp{zj{1+exdlt)}m

=2"cos" lsin(m + Ejt
2 2

Also,

> p™ t . (m+1 1-cost) . ( psint+t
exp— p —co§“—sm{—jt = exp{— p( jsm{ j} (3.2)
F( )mzzo m 2 2 2 2

_ ~ ). [ psint+t
= expl p)exp{ pcos’ stm(—z j

-om {5 o 5]

We shall require the following estimates, the first rhayerified easily

4 The Estimates

For0<t<£
p

h(n,t)=0(p+1) (4.1)
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7l
Fort>—

I
t+ 7
exp{— psinzé}—ex — psin? — =0(t)

t+
d -2t HJ p
—| exp —psin® — |—exp — psin“| —— =0
G e~ psin |-expl- psin’ —
1 1 _(1}
_——_()_2
tt+E pt
p

dl1 1 ( J
__——:()_3
dt| t i+ pt

p
dj1 1 p{ (1—costj}.pt_ (1)
—| == eXp—p ——— |;Sin—=0
dt|t (47 2 2 t

p

5 Required Lemmas

 (wor g(t) sin(psint +t)-sinpt . _
Lemma5.1: L/p T exp{p(l—COSt)} dt—o(l)

2

Proof:

Using second mean value theorem and integrating by, patsave

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)
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=L dt

ot exp{psin2 t}
2

= 1. - J-](T/n'/)p)ﬂ ¢Et){sin(psint +t)—sin pt}dt
eX[{psm 2)

1
Sinceés as<f<1

=0o() I,(,/ﬂ,/) g @o(pt?')dt

=o(p)[" gft)t*)ot

mp

~o(p)lt)? -2 o(t)tdt]%’)ﬁ
olpof?)”'

=0(1), asp — o

:J—(n/p)" (t) sin(psint +t)-sin pt

Lemmab.2:

I(ﬂ/p)” gt +tn/ p)[exp{_ p(L—cost)} - exp- p(1- codt + 77/ p)}]sin ptdt = o(1)

nlp
Proof:

By mean value theorem of differential calculus,

exg- p(L-codt + 77/ p))} - ex— p(1-cost)}

T
t+ -t

P
= %exp{— p(L-cosf)} where@ =t +I—g ; (0<l<1)

= —psinfexd- p(1- coss)}

= —psin(t + 171/ p)exd- p(L-codt +17/p))}
Consequently,

exd- p(L-cost)} - exd- p{1-codt + 71/ p))}

= nsin(t +1 71/ p)exp{~ p(L-codt +17/ p))}
- of)
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Therefore,

J‘(ﬂ/p)" @t + 71/ p)
t

p

sin(t +177/ p)exg- p(L- codt +177/ p))} sin pt/dt

=ofy)f""

p

"ot + 7 p)at

=O(1), asp - © By (2.1)

Lemma5.3: J.,(T/”’/)p)a At + 1/ p){% -

Proof:

+ ;/ p}exp[— p(L- cost)}sin ptdt = of1)

By (2.1) and integrating by parts

7 plmey |t + 71/ p_)|dt
“pie t{t+7/p)

ki

EL/,; t2

:o(% :o(tlj oft +77'p) +2J’—/p)dt}
1
=o(L

SRR
).

asp -

/p)?

7p

Lemma 5.4 j e ¢ Etj—n];/;))exp{ p(1-codt + 77/ p))} sin ptdt = o(1)

Proof:

By (2.1) and change of variables,

IZ”/ P |¢(t)|

- o(]_”;j O

=0(1), asp - o
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By using the above-proved lemmas, we will prove the nte@orem.

6 Proof of the Main Theorem

Let Sn be then™ partial sum of the Fourier series (1.1), following Zygmd [13], we have

J-¢(5|n )t

sing

(E ,l) transform of S is denoted b¥,,, we have in relation (3.1)

( Jsin(k + 1)t

, I
Osm2k0

¢( ) t m+l
2” o Sing cos™ 4 sin(m2 jdt 6.1)

Superimposing Borel transform &m, , hence by relation (3.2), we find

= "’L s imz:o%coé“ S|n(m+1)tdt

,[ o) ox _p(l—cost) sin(psmtﬂjdt
277 0 siny 2 2

which may also be written as

o = %f@ exp{— p(l_ ;OSt J}sin(%}dt
= 7&1 E@ exp{— p(%j}sin(%jdt +0(1)
U"/p j"/p ji } @exp{— p(l_zogj}sin[ psir;t +tjdt

=[1oH, 1]+ 0) - say

Integrating by parts and using estimates (4.1), @\&n conditions
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} zlj-n/p@ex _ p(l—costj sin( psmt+tjdt
Tt 2 2

- %ijqo(t)h(n,t)dt
_ %{q)l(t)h(n,t)— o h(n,t)dbl(t)dt}
_ 1{{0@)0( o) - j”“’o(t)o[_pjdt}

7/p

0

= oft) + o p)[ " ot
=0(1) asp - o

Using Lemma

2I2=—J‘”/p ()exp{ p(1- cost)}sin ptdt

p

__J'”/p _”/pql(ftj;;/pp)) ex{— p(1- cost)}sin ptdt

= EJI(TZP)H ¢(t) - ¢E:t +7/ p) exd_ p(l— COSt)}Sin ptdt

g by M[exp{ (1- codt + 77/ p))} - exd - p(L- cost)}]sin ptdt

TP

1 ((7p)
+7—_[ o (P(t’“”/p){{

=" /p} exp— p(1-cost)}sin ptdt

LT e gl cod+mplsinprc

1 I;/pp y tt++ ;/pp)exp[ p(L-cogt + 77/ p)} sin ptdt

G tE e tE TG

By given condition, we get

o< J‘”/m |¢(t) ¢(t+7T/IO)| exp- p(

1-cost)}dt

mm

=0(1) asp - o
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Applying Lemma (5.2), (5.3) and (5.4), we get
e =e =g =0

Lastly considerings , we have by change of variables

o - 1J-((n/p p ¢() exp{~ p(1-cost )} sin ptdt

/p)”

e, |<_jn/p +ﬂ/p|(dt

(7 p)"

1(p) #p)+nlp
SI—T(I—TJ j(”/p |t)olt

1)

=0(1) asp - o

By the continuity parts oﬂqo(t]dt and the function <%

Thus, |, = O(l)

Now, at last, we have

s = lJ.J @exp{— p[—l_co‘qj}sin( psint +tjdt
Toe) t 2 2

=1J.5 o) si (psmt+t)dt
(7e) t  exppsin®y

1 (p/n)
= t)sin( psint +t)dt
T exppsin?(Z )" 1 -[rr/p AAt)sin(p )

10
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This completes the proof of theorem 2.1.
7 Conclusion

In this paper, we have introduced the product summabilityoofi€r series using Borel-Euler summation
method. The present theorem extends, generalizes and impnavssexisting results on summability of
Fourier series and its allied series. This result fp@ya motivation to other researchers to carry out the
outcomes in the field of summability theory.
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