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Abstract

In this paper, we propose a SEIR-SEI epidemic model for malaria transmission which describes the
interaction between human and mosquito population, with the effects of antibodies produced by the
incidence rates for humans and mosquitoes respectively and two optimal controls. We introduce an
optimal problem with an objective function, where two control functions, use of treated bed-nets
and control effort on malaria treatment , have been used as control measures for infected individuals.
The existence of feasible region where the model is well-known is established. Stability analysis of
the disease -free equilibrium is investigated. The basic reproduction number Ry, is obtained using
the next generation matrix approach. The existence of the endemic equilibrium is also specified
under certain conditions. Numerical simulations are carried out to confirm our analytic results and
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our simulation also suggests that, two control strategies are more effective than only one control in
controlling the increase of number of infected individuals in the Democratic Republic of the Congo
(DRO).

Keywords: Malaria transmission; stability analysis; antibody; optimal control.

1 Introduction

Malaria is a life threatening vector borne disease caused by parasites that are transmitted to people
through the bites of infected female Anopheles mosquitoes. It is a preventable and curable disease
[1]. In 2016, an estimated 216 million cases of malaria occurred world wide compared with 237
million cases in 2010 and 214 million new cases of malaria and deaths in 2015. Approximately 80%
of malaria death are concentrated in 15 countries most of them in Africa [2,3]. The Democratic
Republic of the Congo(DRC)is one of the two major contributors to the global burden of sickness due
to malaria [4]. Mathematical models could mimic the process of malaria and provide very useful tool
to analyze the spread and control of malaria behavior. Several different mathematical models for
malaria had been formulated and studied since the first model was introduced by Ronald Ross [5].
In 2013, [6], proposed a seven dimensional ordinary differential equation modelling the malaria
transmission between humans and mosquitoes with non-linear forces of infection in form of saturated
incidence rates which produced antibodies in both human and mosquito populations in response to
the presence of parasite-causing malaria. According to their results,increasing the proportions of
antibodies has significant effect in reducing the transmission of the malaria infection. Altaf Khan
et al. [7] formulated a SEIR model with non-linear saturated rate and temporary immunity, they
assumed that the total population is constant, and the new born children are susceptible with no
migration. According to their results when Ro < 1 the disease-free equilibrium is stable locally as
well as globally and endemic equilibrium is stable locally as well as globally when Ro > 1. Their
theoretical results was verified by the numerical simulations. Ngwa and Shu [8] analyzed a model
which incorporate compartments for the mosquito population. They also introduce into their model
a class of persons who are partially immune to the malaria disease but may be infectious. They
assumed density dependent death rates in both vector and human populations so that the total
population varied with time through a modification of the logistic equation that included disease
related deaths. Chitnis et al, [9] evaluated the sensitivity of the reproduction number and the
endemic equilibrium. They also generalized the mosquito biting rate and included immigration in
a logistic model for the human population with disease-induced mortality. Jia Li [10] developed
a SEIR malaria model with stage-structured mosquitoes in which he included metamorphic stages
in the mosquito as well as a simple stage mosquito population where the mosquito population is
divided into two classes namely, the aquatic stage in one class and all adults in the other class.
He concluded that the possible occurrence of backward bifurcation makes the control of malaria
more difficult. Many works have been done on modeling the malaria transmission and control
using SEIR-SEI model see [11-13]. In this paper, we formulate a SEIR-SEI model with optimal
control strategies which is different from the above models by introducing a saturated incidence
function with antibodies vy, v, for humans and mosquitoes respectively, with two optimal control
strategies u (¢), u2(t) which differs from most of the mentioned models. Our main objective of this
study is to investigate the stability and the sensitivity analysis for the reproduction number, also
to show the effect of the antibodies on malaria transmission and how to control the disease with
the optimal control strategies. The rest of this paper is organized as follow: Section 2 presents the
SEIR-SEI model description and proved the positivity and boundedness of the solutions. In section
3, we analyze the model equilibria including the derivation of the basic reproduction number and
stability analysis. In section 4, we perform numerical simulations of the model. In section 5 a
sensitivity analysis of the basic reproduction number is presented. Section 6 is devoted to optimal
control analysis of the model with the numerical simulations and the conclusion is presented in
Section 7.
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2 Model Framework

The model is formulated for both humans population and mosquitoes population at time t. The
human population is divided into four compartments: Susceptible humans (S}), Exposed humans
(Eh), Infectious humans (1), and Recovery humans (Rj) and that of the mosquitoes into three
compartments: susceptible mosquitoes (Sy), Exposed mosquitoes (E,), and Infectious mosquitoes
(Iv), respectively. We denote Ny = S, + En+In+ Ri, Ny = Sy + E, + 1, as the total size of humans
and mosquitoes, respectively. The mosquitoes have no recovered compartment and humans enter
the susceptible compartment either through birth or immigration. Infected individuals are assumed
to recover at a rate (mp1 + cuz), m is the rate of spontaneous recovery us control on treatment of
infected individual ¢ € [0,1] is the efficacy of treatment. Among those who recovered naturally, p1
part of them progress to a temporarily immune state and the reaming part immediately become
susceptible to re-infected. Similarly, among the recovered due the treatment control, p2 part of them
progress to a temporarily immune state and the remaining part immediately become susceptible to
re-infection. Thus, the model parameters and their description are listed in Table 1.

Table 1. Description of parameters for model (2.1)

Parameter Description
An Recruitment of the susceptible humans
A, Recruitment of the susceptible mosquitoes
b Mosquito Biting rate
Bn probability of biting by an infectious mosquito
Bo probability of biting that results in transmission of parasite to 5,
m Natural death rate of human
n Natural death rate of mosquito
1) disease induced death rate
01 Progression rate from Ej, to I, class
02 Progression rate from FE, to I, class
w Loss of the immunity rate in human
m Infection human recovery rate
Vp, proportion of an antibody produced by human
Vo proportion of an antibody produced by mosquito

By applying above assumptions, the SEIR-SEI model with optimal control for the dynamics of
malaria transmission is given by :

% =Ar—-(1- m)% +m(1 — p1)In + cua(1 — p2)In + wRy — puSh,

dih == “1)% — (a1 + p) En,

d;: =B —m(l — p1)In — cuz(1 — p2)In — (mp1 + cua)In — (6 + p)In,

dcll%th = (mp1 + cu2)I, — (1 + w) Ry, 2.1)
djtv =Av—(- “1)% — S,

div =(@- “1)% — (a2 + 1) Ey,

dci: = 2By —nly,
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With the initial conditions: Sy(0) > 0,E,(0) > 0,7,(0) > 0, Rx(0) > 0, S,(0) > 0, E,(0) > 0,
1,(0) > 0.

The term bf3,Sh(t)I,(t) is a bilinear incidence see [14], indicates the ratio at which the Sy (t) gets
infected by infectious mosquitoes I, (t). In this paper, we use a saturated incidence function of
the form %, it produces the antibodies at v, € [0,1] in response to the existence of
antigens producecui by infectious anopheles mosquitoes. Also mosquitoes develop antibodies against
the malaria parasites. Thus, we have a saturated force of infection of the form %, such
that v, € [0,1] is the rate at which antibodies are produced against the antigens contacted from

infectious humans. The model (2.1) without control strategies, that is u1 = 0, and uz = 0 becomes

dc% =Ap— % +m(1 — p1)In + wRp — pSh,
TSN

% =a1Ep, — (m+ 5+ p)ln,

% = pimIy — (i + w) R, (2.2)
ST

dcﬁ’ = B, —nl,,

2.1 Positivity and boundedness of the solutions

We assume that all the variables of the model (2.2), that represent different human and mosquito
classes are nonnegative for all ¢ > 0. Then the system (2.2) is well-posed epidemiologically and
mathematically in a feasible region I' introduced by

T := {(Sh, En, In, Bn, Su, Bu, I,) €RL:0 < N < 22,0 < N, < 2o},

mn

Firstly, we introduce the following theorem.

Theorem 2.1. The solutions of the system (2.2) with non-negative initial conditions in the feasible
region T' C RY,. is positively invariant in T for all t > 0.

Proof. Assume there exist 1 > 0, such that Sp,(¢1) = 0, S;L(tl) <0 and Sy, En, In,Rp, So, By, I,
> 0.
for 0 < t < t1, we have

n A, — bBp Ty (t1)Sh(t1) +m(1 — p)In(t1) + wRn(t1) — 1Sk (t1)

dt 14vp Ly (t1) 2.3
=Ar +wRi(t1) >0 (23)
which is a contradiction to our assumption. Hence Sp,(t) > 0
Also let
t1 = Sup{t >0: Sh,Eh,Ih,Rh, Sv, Ev,lu > 0}.
then we have
dE b8, 1y S,
o= fﬁvf’f — (o1 + p)En,
B 4 (o1 + p)En = bfh:i”y (2.4)
oM By = [ (e |
En(t1) = En(0)e (11 4 eleatin [ Sl Sun) oleatrgr] > 0
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Hence En(t) > 0.

Next for Ip(t)

G =By — (m+ 8+ p)n,
f0t1 (e(m+6+u)lh(t)) _ fotl ar By, (T,)e(m+5+#)rdr7 (2.5)
In(t) = In(0)e~ (mHotmin 4 e=mbatmti[ [ o) By, (r)e™ 01 dr] > 0,

which contradicts Ix(¢t1) = 0, similarly for Ry (t). We assume that there exist ¢1 > 0, such that
Ih(t1) =0, and [h(t) > 0, then

df‘h =mp1In — (w+ p)Ra,
Jo €T RL () = 3t mpiIn(r)e™ O dr, (2.6)

Ry (t1) = Ra(0)e” W HH™ 4 e~ (bt o mp1Tn(r)e™7dr] > 0,

which contradicts Rp(t1) =0
Also assuming that S, > 0,t € [0, 1], it follows that

dS, (t bBy Iy (t1)Sy(t
dg/ D= Ay — 61+hu(v},)1(t1()1) —nSu(t1),

which is a contradiction. Hence there is no such time ¢; for which S, (¢1) = 0,
Next for E, we have

dE, bByIpSe
ditl) = 1B+1{:1,L (a2 +n)E,
ftl(e(a2+n)tE )’ _ ftl (az+n)t bBUIh(t})f ()tl)dt (2.7)
0 v 0 TFvy I (01 :
Ey(t1) = e~ (e2tmity iy (0) + e~ (e2+n)t1 U‘tl (042+77)T] bﬁfj};i’})’sigﬂ dr >0,
which showing that E,(t) > . Similarly, I, (t) > 0. O

3 Basic Reproduction Number and the Existence of
Equilibria

The most important epidemiologically threshold value which is used to determine the ability of an
infectious disease in pervading a population is the basic reproduction number R of the model(2.2).
The model(2.2) has a disease-free equilibrium given by Eo( = 0,0,0, Av ,0,0). We apply the next
generation matrix approach [15,16] to find the basic reproduct1on number Let F, V be the non-
negative matrix of the infection terms and the non-singular matrix of transition terms calculated
at Fo respectively.

T [ (o + 1) En ]
0 —OélEh+(m+(5+,LL)Ih
e (a2 +m) B
F = 0 , V= —ax By +nl,
0 —Ay —m(l—p1)1h+uSh—th
0 (w+w)Rp, — prmly
0 L 7Ah + 77571 _

Consequently, the next generation matrix FV~*
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asbBpAp bBr AR
0 0 nu(oz+n) np
_1 0 0 0 0
FV = bBy A 0 0
n(ar+u)(m+o+p)  n(m+o+p)
0 0 0 0
Bvdynm Pyn™m
0 0 n(Bv+n) n
. 0 0 0 0
- Bh®hombu Bh®hombp 0 0
na(Bp+p)(uto+y)  na(p+o+-)
0 0 0 0

Then Ry is given by spectral radius of FV~! which is denoted by p(}'Vﬁl) and defined as:

_ bQCYlaZ/Bh,BvAhAv
Ro=p(FV ') = )
0 =AFV) \/n2u(a1+u)(m+5+u)(a2+n)

(3.1)

3.1 Disease-free equilibrium

In this subsection, we investigate the local geometrical properties of the disease-free equilibrium of

the model (2.2) at Ey = (%7 0,0,0, %, 0,0) by taking the Jacobian matrix and obtained

—K 0 k1 w 0 0 —k‘z

0 —ks 0 0 0 0 ko

0 aq —ky 0 0 0 0
J(Eo) = 0 0 pim —k‘5 0 0 0

0 0 -k O —-n 0 0

0 0 ke 0 0 —kr 0

0 0 0 0 0 (e -1 |

It is clear that A\ = —pu , A2 = —ks, A3 = —n are negative eginvalues and the sign of the rest of the
eginvalues can be determined by the characteristic equation

FO) =X+ 0107 + 22" +bsA + bs = 0 (3.2)

where:
b =n+ ks + ks + kr,

by = kskys + ksk7 + 77k3 + kak7 + 77k4 + 77k7a
bs = kakak7 + nksks + nksks +nKa,
b4 = ’I7k'3k4k)7(1 — M) = nk3k4k7(1 — R(Q)),

nkskakz
where k1 = m(1 — p1),k2 = %, ks = (a1 +p), ka = (m+0 4+ p),ks = (w + p), ke = % and
k7 = (a2 + 7). Since all the parameters are positive then b1,bs2,bs and by are also positive when
Ro < 1.

By Using Routh-Hurwitz criterion [17], it can be seen that all the eigenvalues of the characteristic
equation (3.2) have negative real part if and only if:

b 1 0 by 1 0 O
by 1 ! by by b1 O
Dy =b1>0,D2 = >0,D3=1|bs b b1|>0,D4= > 0, (3.3)
bg b2 0 bl b3 0 b4 b3 b2
0 0 0 by
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Obviously, all the eigenvalues of J(Ep) have negative real parts when Ro < 1. This implies that
model (2.2) has a unique disease-free equilibrium Ey when R < 1 if and only if condition (3.3) is
satisfied, Thus, we have the following theorem.

Theorem 3.1. The system (2.2) has the disease-free equilibrium Eo if Ro < 1,which is locally
asymptotically stable if and onl.y if the condition (3.3) is satisfied and unstable if Ro > 1.

3.1.1 Endemic equilibrium

We assume that there exist an endemic equilibrium E* = (S}, E}, I, Ry, Sa, Ey, I;) for the model
(2.2) as

S — AR ks +[Ap ks (bBy+nvy+vp asByAy)+k1ka (n+(bBu+vy) I3)] I B — kalj, R = pimlIy
h nuks oz By Avks (b2 By +uvp) +hs u(bBy+vy)] T} » Th ap 2 th ks

Gf = Ae(vel) pe by Ay I} I cabBuhuI} (3-4)
VT 0By I An (1t 1) U (at+n)[bBu I +n(1tvu L) TV T bBu I +n(1tvuIf)”
and I; is a positive solution of the given equation
*2 *
dil, +d2I; +ds =0, (35)

where

di = kskaksBn[a2b® BrBeMy (1 + a2BuAy) + p(bazBuApvn 4 b2 By + buy + Ayazvyvnn + oyt
a2A2B,bu, + bQﬁvazAv)] + kskakspv, (ven + alphazBy) — klkgﬂuﬂhalagAubz(bﬂv + vy)

do = kskaksBo[n(bp + 2b®BrMy + aapMyvy + b 4 buasv, Ay)] + kskaksnuv, (1 +n)—
a102b® By By [ks An (DB + n00) + 282 Ayon, + nkiks)

ds = 1P kskaksp(1 — 22920 Bnbululn

For d; > 0,d2 > 0, and d3 < 0, an endemic equilibrium point exists and when ds > 0, the model has
no positive solution. Numerical simulations in section 4, also confirm the existence of an equilibrium
and it’s stability when Ry > 1.

4 Numerical Simulations

In this section, we use our model (2.2) to simulate the reported annual malaria human infected cases
from WHO [18,19]. We present numerically the behavior of the system (2.2), using the parameter
values in Table 2 and by considering the initial conditions. The numerical simulations are conducted
using Matlab software and the simulation results given in Figures(1-5) to clarify the models behavior
for the values of model parameters. Fig 1 (a) shows the simulation of the reported malaria cases
in DRC from 2007 to 2013 and Fig 1(b) shows the prediction of human malaria for DRC 2007
to 2030. Fig 2(a-e) presents the model (2.2) solution with parameter values from Table 2, for
the human and mosquito compartments respectively. Figures 3(a-d) and Figures 4(a-c) illustrates
the varying effects of ratios of antibodies vp, v, on human and mosquito populations, while the
remaining parameters maintain the same as in Table 2, where Ry < 1 and b=0.161. In particular,
Fig 3(a) shows the behavior of the susceptible human S, (¢), when the antibody vy, increases in
ratio. An increase in the ratio of the antibody reduces the acute decrease in the susceptible human
population. The volumes of the exposed human Fj(¢), and infectious human I (), population
in Fig 3(a) and Fig 3(c), decrease with increase presence of the antibody vp. Consequently, the
decreased number of infectious human contributes to increase in the number of recovered human
Ry (t) as seen in Fig 3(d).

Similarly, in Fig 4(a), the number of susceptible mosquitoes S, (t), decreases with time. But,
increasing the ratio of antibody, v, prevent the reduction in susceptible mosquitoes S, (t). In Figures
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4 (b) and (c), the number of exposed and infectious mosquitoes population decreases due to increase
in resistance to the malaria parasite.

Generally, Figures 5(a-d) and Figures 6(a-c) show the varying effects of ratios of antibodies vy, v,
on humans and mosquitoes population, where the other parameter are maintained as in Table 2,
where Ry is greater than one and b=0.39. So far,when we increase the ratio of the antibody with
b =0.39 and Ro > 1, it has lower effect in reducing the burden of the endemic malaria infection when
compared with Figures 3(a-c). Figures 6(a,b,c) present the effect of the mosquitoes resistance to the
malaria on susceptible, exposed and infectious mosquito populations, where the human- mosquito
contact rate is increased. Clearly, the number of infectious mosquito decreases with increased in
the ratio of antibody, v,.

Table 2. Parameter values for model (2.2)

Parameter Value Source
An 0.0043 Assumed
Ay 0.0071 Assumed

b 0.39 [20]

n 0.0000472 [21]
w 0.00274 21

n 0.1 21
B 0.048 [22]
B 0.48 22
a1 0.08333 22
Qo 0.48 [22]
m 0.0035 22

d 0.083 23
P1 0.23 Fitting
P2 0.331 Fitting
s 0.29 Fitting
vy 0.3 Fitting

5 Sensitivity Analysis of R

In this section, we investigate the nature of the system by conducting sensitivity analysis of the
reproduction number Rg.

(a) If the value of b is reduced from 0.39 to 0.24 and the values of other parameters are
maintained then R is reduced from 1.4946 to 0.9198.

(b) If the value of B is reduced from 0.0833 to 0.0000233 and the other parameters

remain the same then R is reduced from 1.4946 to 0.8595.

(c) If we reduced the value of as from 0.48 to 0.048 and the other parameters are the same then
Ro will reduced from 1.4946 to 0.9357.

(d) If the value of m is increased to 0.4435 then Ro will reduced to 0.6060.

(e) If we reduced the value of B, to 0.0195 then Ry will reduced to 0.9381.

(f) If the value of 8, is reduced to 0.18 then R will reduced to 0.9153.
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Figure 1: Comparisons of the reported malaria cases from WHO (red curve) and the
solution of infectious human I for model (2.2). (a): Simulation of the reported malaria
cases in DRC from 2007 to 2013. (b): Prediction of human malaria for DRC 2007 to
2030.
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Figure 2: Solution of model (2.2) with parameters from Table 2.

6 Analysis of Optimal Control

In this section, we make use of Pontryagin’s Principle in order to find the necessary conditions that
establishes the presence of optimal control of the malaria transmission model. We include time
dependent controls into the SEIR-SEI malaria model and attempt to explore the suitable optimal
control strategy for setting the malaria under control. We use two control variables, the control
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Figure 3: The behaviors of susceptible, Exposed, Infectious and Recovered humans for
different values of v, when Ry < 1 and b=0.161.

u1 (t) represents the effort on preventing malaria infections through the use of treated bed-nets and
the control effort on malaria treatment of infected individuals uz(¢).The objective function used for
the model is similar to [24-26],and is given by

b Bi 2 Bz o
J(u1, ’U,Q) = (AlEh =+ AQIh =+ 7“1 + 7U2)dt, . (61)
0

where A1 and Az are the balancing cost factors due to scale while B; and Bs,denote the weighting
constants for making use of prevention strategy using treated net-bed and the control effort on
malaria treatment of infectious individuals. Consequently, we attempt to expect an optimal control
ul, u5 such that,

J(ul,uz) = mind(ui,u2), A = {(u1,u2)|0 <wu; <1,i=1,2}. (6.2)
s, b1, S,
el Ap — (1 — 1) T+ onl, + m(1 — p1)In + cuz(l — p2)In + wRy — uSh,
dE, bBu L, Sh
- = U1)1+vh1~v (o1 + p)En,
dl
d—th =1 En —m(1l — p1)In — cua(l — p2)In — (mp1 + cu2)In — (6 + p)In,
dR
d—th = (mp1 + cuz)In — (u + w) R, (6.3)
dSv bﬂthSv
=Av — (1 —w)———F — 1S,
a A ﬁ“”}; wln
dE»U b ’L)Ih v
= (1) e B,
r (=)= 5, — (aetm)
L,
dt = 052Ev - nI'w

10
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Figure 4: The behaviors of Susceptible, Exposed and Infectious mosquitoes for different
values of v, when R¢ < 1 and b=0.161.

The optimal control must conform the necessary conditions that is emanated from the Pontryagin
Maximum Principle [27].This concept transpose the equations (6.2) and (6.3) into a type of problem
characterised with minimizing pointwise a Hamililtonian H, with respect to u1 and us

H = A1Ep + Aol + %u% + %u%

+A1 {Ah - (1- Ul)%}ﬁ +m(1 — p1)In + cuz(1 — p2)In + wRy — MSh}
A {(1 —wn) PP — (o + p)En}

+As{a1 Ep, — m(1 — p1)In, — cu2(1 — p2) I — (mp1 + cu2)Ip — (6 + p)In}
+Aa{(mp1 + cuz)In — (n+ w)Rn}

+>\5{AV - (1 - ul) bfji:}g;:} - 77511}

FAe{ (1 — ur) 2B — (a2 + ) By}
+)\7{Oé2Ev - nIv}

where A1, A2, A3, A4, A5, A¢ and A7, represent the adjoint variables.

(6.4)

The system solution is attained by suitably taking partial derivatives of the Hamiltonian (6.4) with
respect to the associated state variable.

Theorem 6.1. Given an optimal control ui,u5 and the solutions Sy, Ep, In, Rn, Sv, Ev, I, of the
corresponding state systems (2.1) and (6.3) that minimize J(u1,uz) over I'. Then there exist adjoint
variables A1, A2, A3, Aa, As, X6, A7, satisfying

—di = o (6.5)
dt di :
Where i = 1,2,3,4,5,6,7 and with transversality conditions
A(tr) = Aa(ty) = As(ty) = Aalty) = As(ty) = Xe(ty) = A7(ty) =0 (6.6)
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Figure 5: The behaviors of Susceptible, Exposed, Infectious and Recovered humans for
different values of v;, when Ry > 1 and b=0.39.

and
wk = min {l,max(O, = (% (A2 = Ar) + 2eduse (3 A5))} (6.7)
uy = min {1, maz(0, 217’”2 (c(1 = p2)As — cp2ra — c(1 — pg)Al)} (6.8)

Proof. Theorem 4.1 and Corollary 4.1 of [27] gives the conditions of possible existence of an optimal
control based on the convexity of the integrand of J(u1,u2) with respect to ui and wup a priori
boundedness of the state solutions, and the resulting Lipschitz characteristics of the state system of
the ODE’s with the state variables. The Hamiltonian function determined at the optimal control
level leads to the adjoint variables. Thus, the adjoint equations can be rearranged as

dX\ 1—u1)bBp Iy
D1 = QwBBule (3 — Xp) 4 ph

% =—As+ (a1 + A2 — a1 s

D8 = — Ay — (m(1— p1) + cuz(l — p2))A1 + (M + cus + 6 + p)As — (mp1 + cuzpz) Aa+
U (3, — ) + gl

‘%“ = (p+ w)Aa — whs

s = omtis (0, - 30 +

Ds

2= (a2 +1m)Ae — az)7

- bBR S - b S
7 = USRS (=) + SRS (4, = \) 4o
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Figure 6: The behaviors of Susceptible, Exposed and Infectious mosquitoes for different
values of v, when Ro > 1 and b=0.39.

6.1 Numerical simulations of optimal control

In this section, we discuss the numerical outcomes of our various optimal control strategies on the
spread of malaria in DRC.

6.1.1 Malaria Prevention u;(¢f) Control only

In this strategy, prevention effort targeting the use of treated bed-net u1 () was employed while the
control uz(t) = 0 is employed to optimize the objective function J(u1,uz). In Fig 7(a) , there is
a significant different between the cases with control w1 # 0,u2 = 0 and the cases without control
u1 = u2 = 0, the number of exposed mosquitoes decreases till the day 3 but starts increasing after
that. The strategy is not effective in reducing the number of exposed mosquitoes E,. Similarly it is
not effective in reducing the number of exposed humans in Fig 7(c). In Fig 7(b) and (d), there are
no significant difference between the cases with control and those that without control. It is clear
that the strategy employed is not effective in reducing the number of infective mosquitoes I, and
malaria infective humans I, respectively.

6.1.2 Malaria Prevention treatment us(¢) Control only

In this strategy, treatment effort is employed to optimize the objective function J(u1,u2) when ug
is set to be zero. In Fig 8(a),(b),(c),(d), there are no significant difference between the cases with

13
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Figure 7: Simulations of the model showing the effect of malaria prevention only on
transmission. Fig 6 (a) and (b) represents the behavior infected humans and infected
mosquitoes respectively. Dashed line represents system without control (u; = 0,u2 = 0)
and solid line shows the system with control (ui # 0,u2 =0.)

control and that without control. Therefore the strategy is not effective to reduce the number of
Exposed mosquitoes, Infectious mosquitoes, Exposed humans and Infectious humans respectively.

6.1.3 Malaria Prevention u,(t) and us(t) Control only

In this strategy malaria prevention treated bed-net control u (¢) and malaria treatment effort control
uz(t) are used to optimize the objective function J(u1i,u2). It is obvious in Fig 9(a) that there is
a significant difference between the number of exposed mosquitoes F, under control, compared
to those without control the number of exposed mosquitoes were initially controlled but it starts
rising after day 4. The strategy is not effective in controlling F,. In Fig 9(b), there is no significant
difference between the number of infectious mosquitoes I, under the control and without control.
The strategy is not effective in controlling the Infectious mosquitoes I,. In Fig 9(c), there is a
significant difference between the number of Exposed humans E} with control and without control,
the number of F}, was initially controlled but starts rising before day 18. This strategy is not effective
in controlling Exposed humans. In Fig 9(d), there is a significant difference between the presence
of control and without control cases. It was observed that the number of malaria Infections in
humans I, which was increasing initially has been reduced. This indicates that the control strategy
employed is effective in reducing the number of malaria Infected humans.
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Figure 8: Simulations of the model showing the effect of malaria prevention only on
transmission. Fig 6 (a) and (b) represents the behavior infected humans and infected
mosquitoes respectively. Dashed line represents system without control (u; = 0,u2 = 0)
and solid line shows the system with control (ui; = 0,u2 #0.)
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Figure 9: Simulations of the model showing the effect of malaria prevention only on
transmission. Fig 6 (a) and (b) represents the behavior infected humans and infected
mosquitoes respectively. Dashed line represents system without control (u; = 0,uz = 0)
and solid line shows the system with control (ui # 0,u2 # 0.)
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7 Conclusion

In this paper, we formulated and analysed a seven-dimensional differential equation model for
malaria transmission in human and mosquito populations with non-linear incidence forces of infections
for human and mosquito with two optimal control strategies, use of treated bed-nets wi(t) and
control effort on malaria treatment of infected individual uz(t). We established the feasible region
where the model is mathematically and epidemiologically well-posed. The existence and stability of
a disease-free equilibrium was shown when w1 (t) = u2(t) = 0. Furthermore, we obtained the basic
reproduction number ,Ro, by applying the next generation matrix method. Further we showed
that there exists a unique endemic equilibrium point for the model when Ry > 1. Our numerical
simulation results showed that increasing the ratios of antibodies has significant effect in reducing
the transmission of the malaria infection. In addition to that, we used two optimal control strategies
u1(t) and u2(t) to minimize the infected human individual (to control the infectious human I (¢)).
Numerical simulation for the optimal control suggests that the two controls u (¢) and uz(t) together
are more effective in reducing the number of infected human than one control strategy. In future
we will study the spatial pattern of malaria transmission. This will deal with the consideration of
environmental, genetic and infections risk factors. We will also add more control strategies.
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