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Abstract

This article introduces a new distribution called the Lomax-Gompertz distribution developed through a
Lomax Generator proposed in an earlier study. Some statistical properties of the proposed distribution
comprising moments, moment generating function, characteristics function, quantile function and the
distribution of order statistics were derived. The plots of the probability density function revealed that it is
positively skewed. The model parameters have been estimated using the method of maximum likelihood.
The plot the of survival function indicates that the Lomax-Gompertz distribution could be used to model
time or age-dependent data, where probability of survival is believed to be decreasing with time or age.
The performance of the Lomax-Gompertz distribution has been compared to other generalizations of the
Gompertz distribution using three real-life datasets used in earlier researches.
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1 Introduction

The Gompertz distribution (GD) as a generalization of exponential distribution can handle both positively
and negatively skewed datasets and is commonly used in many applied problems, particularly in lifetime
data analysis [1]. The GD is applied in the survival analysis, in some sciences such as Gerontology [2];
Computer [3]; Biology (Economos 1982); and Marketing science [4]. The hazard rate function of GDis an
increasing function and often applied to describe the distribution of adult life spans by actuaries and
demographers [5]. Burga et al. [6] discussed the stress-strength reliability problem in Gompertz case
andbased on the exact central moments, higher accuracy approximations can be defined for them. In
demographic or actuarial applications, maximum-likelihood estimation is often used to determine the
parameters of the GD. The GD with parameters 6>0 andy>0Ohas cumulative distribution function (cdf) and
probability density function (pdf) respectively given by:

G(x)=1 ~¢ e (L1)

And

g(x)= 96”6_7(6’ K (12)

Orx20,¢9>0,7>0

F , where 0 and vy are the respective shape and locationparameters.

Recently, [7] proposed a generalization of the GD which was based on an idea of [8] and the resultant
distribution is known as generalized Gompertz distribution (GGD)since it combines the features of the
Gompertz distributions, exponential distribution(E), and the generalized exponential (GE). Other generalized
Gompertz distributions include the Beta Gompertz distribution [9]; odd generalized Exponential-Gompertz
distribution (OGEGD) [10] and the Transmuted Gompertz distribution (TGD) [11].

In this article, we introduce a new four parameter Lomax-Gompertz distribution (LGD) with the aid of a
Lomax G generator proposed by Cordeiro et al. (2014).

2 Material and Methods

2.1 Introduction of Lomax-Gompertz distribution

[12] defined the cdf and pdf of the Lomax-G family of distributions for any continuous distribution as
follows:

—log[1-G(x)]

dt ’
F(x)= =1 A
(x) ! of (B+1)" 1 {ﬂ_log[l_G(x)]}

2.1.1)

And

o (x)
(x)= £ B
S =ap [1 - G(x)]{ﬂ - log[l - G(?C)]}a+ (2.12)

Where g(x) and G(x) are the respective pdf and cdf of any continuous distribution to be
generalized,whilea>0 and >0 are the two additional new parameters responsible for the scale and shape of
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the distribution respectively. We now define the cdf and pdf of the proposed Lomax Gompertz distribution
(LGD) by introducing the cdf and corresponding pdf of the Gompertz distribution into equations 2.1.1 and
2.1.2 as follows;

F(x)=1-p" {ﬂ+§(e”_1)}—a (2.1.3)

f(x)= Otﬁ”’@e“{ﬂ + %(e” - 1)}7(%1) (2.1.4)

The plot of the respective pdf and cdf of the LGD using some chosen values of the shape and scale
parameters are presented below.

PDF of Lomax-Gompertz Distribution
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Fig. 2.1.1. pdf plot of the LGD for different values of ¢ = %> 0 =f.t=0and g =y

Fig. 2.1.1 indicates that the LGDis a skewed distribution which is skewed to the right. This means that
distribution can be very useful for datasets that are positively skewed.

CDF of Lomax-Gompertz Distribution
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Fig. 2.1.2. cdf plot of the LGD for different values of ¢ = @>0=/F.1=0and g =y
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From the above cdf plot, the cdf increases asXincreases, and approaches 1 when X becomes large as
expected.

Some properties of the LGD are presented below.
2.2 Moments

Moments of a random variable are very important in distribution theory, because they are used to study some
of the most important features and characteristics of a random variable comprising mean, variance, skewness
and kurtosis.

The nth moment of a continuous random variable Xis given by:

lu'n - E[)(]: T X f(x)dx

(2.2.1)
Expansion and simplification the pdf of Lomax-Gompertz distribution in equation (2.1.4) yields
of 7 o —(a+1)
aﬂaeeyxe—7(e —1) (ﬂ _ 10g |:1 _ (l _ 8_7(6 —1)):|J
S(x)= —
{1 - (1 ol l)ﬂ
of 7 —(a+l)
f@)=ap o p (l - og {1 (1-e e ))D
6,
f(x) - - e a+l
ﬂ(l - ﬂ_l 10g|:1 — (1 — e_%(e _l)j:lJ
(2.2.2)

Let

A= (1 -p log[l - (1 - e_f(em)mw (22.3)

Using the generalized binomial theorem on 4 yield

ROy e

Now, consider the following formula which holds for >1
(http://function.wolfram.com/Elementaryfunctions/log/06/01/04/03/), and then we can write the last term in
equation (2.2.4) as




Omale et al.; AJPAS, 3(2): 1-17, 2019; Article no.AJPAS.47615

(el

Where for (for j>0) P;y=1 and (for k=1,2,.....)

P, = k"Z}(— 1) %Pj,m

Combining equations (2.2.4) and (2.2.5) and inserting in equation (2.2.2), we have:

Oy ig—{xk ik (N T
/ ;(_1),[ i jﬂZZ(_])[ k ]U[ ! ]P"k[l_[l_ey(e )ﬂ
Jx)=— a+1 ©  k ,'aee:—i K\(i+k e
(g e
f@= s _Ofe:xe?(,ey 1)k—i pTe:
ﬂg‘(_l)[ i ]ﬂlwz_o;(iﬂ)( k ][J]( ! j "
SO = .afefexie%xk—i K\ (i+k
'B;(_l)( i jﬁ_lmo;(i—j)( k j(fj( ! jpj’k 2.2.7)

Using power series expansion on the last term in the numerator part of equation (2.2.6) yields:

2 HOT

e
! (2.2.8)

Now, substituting equation (2.2.8) into equation (2.2.7) yields:

SO = .wrzkoyr,-' k—1\(k\(i+k
ﬂ;(_l)[ i jﬂZZ(Z_J)( k j[])( ! jp
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f(X)= ) (T a+1 & r;oy l k—i\(k\(i+k
’B;(_l)( i Jﬂ k,IZOjZO(i_j)( k j(fj( l ]P/k (2.2.9)

Simplifying

© g (a+1 i k ] k—i\(k\(i+k B 7(14r)x
e S )

1+r)x
f()= ,,k,re” )

(2.2.10)
Where
-1
20T & ,a+1 A 0 [k=i\(kNi+k
' P
o SR (P 5L
Hence,
' (l+r)x
M=E X' ]= Ixf(x)dx Iuklrxe dx
(2.2.11)
Using integration by substitution:
—u=y(l+r)x=>x=-
Let 7/(1+r)
du
—=y(1+
So=r(ir)
= —du
y(1+7)
Substituting for ¥ and dx in equation (2.2.11) and simplifying; we have:
1 n+1OO
_E - -1
bt o | s | e
(2.2.12)
[¢ede=T(k) j tfe7tdr = j e dr =T (k+1)
Again recall that © and that ©
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Thus we obtain the n” ordinary moment of a Lomax-Gompertz distributed random variable as:

n+l
' -1
=E[ }:W 1——"| r(n+1
ﬂn X i,jsk.l, }/(l-i—l”) ( )
(2.2.13)
The mean, median, kurtosis and skewness can be obtained from equation 2.2.13.

2.2.1 The mean

The mean of the LGD can be obtained from the n” moment of the distribution when n=1 as follows:

| w. .
—E| v |2 _npklr
/Lll |:X :| [7(14—?‘)]2 oot

Also the second moment of the LGD is obtained from the n" moment of the distribution when n=2 as

£[x7]

2w

i,j,k.lr

) [r(1+ F)T (2.2.15)

2.2.2 The variance

The n™ central moment or moment about the mean of X, sayl,, can be obtained as

H,=E[X-p] = i(—l)i (’:J oy

(2.2.16)
The variance of X for LGD is obtained from the central moment when n=2, that is,
Var(X) = E[X*]-{E[X]}’ (22.17)
)
Var(X) = W R Wiyt >
r(t+r)] ([r(14r)] 2.2.18)

2.3 Moment generating & characteristics functions

The moment generating function (mgf) is a simple way of arranging all the respective moments in a single
function. It produces all the moments of the random variable by way of differentiation i.e., for any real
number say £, the K" derivative of M '« (t) evaluated at t = 0 is the K" moment Uy of X.

The mgf of a random variable X can be obtained by

M.0=Ee=[e" reas

(2.3.1)
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Recall that by power series expansion,

0 txn 0 tn R
tXZZ( ') ZHZ(;_'-X

o h! o n! (23.2)
Using the result in equation (2.3.2) and simplifying the integral in (2.3.1), therefore we have;

IYRGIC Py LG A S

! !
n=0 N n=0 1 (233)

where n and ¢ are constants, ¢ is a real number and p;, denotes the n™ ordinary moment of X and can be
obtained from equation (2.2.13) as stated previously.

The characteristics function has many useful and important properties which give it a central role in
statistical theory. Its approach is particularly useful for generating moments, characterization of distributions

and in analysis of linear combination of independent random variables.

The characteristics function of a random variable X is given by;

p.(t)=E [e”"} = E [cos(tx) +isin(tx)] = E[cos(tx) |+ E [isin(zx) |

(2.3.4)
Using power series expansion and simplifying the algebra above gives
” 2n n_2n+l
t = (-1)"¢ :
¢ ()= Z(; 1u2n Z:; (2n+1)! lLl2n+1
" " (2.3.5)

Where u,,, and iy, are the moments of X for n=2n and n=2n+1 respectively and can be obtained from p;,
in equation (2.2.13)

2.4 Quantile function
This function is derived by inverting the cdf of any given continuous probability distribution. It is used for
obtaining some moments like skewness and kurtosis as well as the median and for generation of random

variables from the distribution in question. Let Q(u) = F~1(u) be the quantile function (qf) of F(x) for 0 < u
<l1.

Taking F(x) to be the cdf of the Lomax-Gompertz distribution and inverting it as above will give us the
quantile function as follows.

Fx)=1-p° {/5’ ~log {1 - (1 _ e-?(e’”-l)ﬂ}a

Inverting F(x) = u

F(x)=1-p° {ﬂ - 1og[1 —(1 —e"f’(e”-l)ﬂ} —u
(2.4.1)
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Simplifying equation (3.29) above, we obtain:

Q(u)zX 1 log 1+ L—ﬂ

q 2l 1
’ (1=u)s (2.4.2)

The quantile based measures of skewness and kurtosis are employed due to non-existence of the classical

measures in some cases. The Bowley’s measure of skewness (Kennedy and Keeping, 1962.) based on
quartiles is given by;

3 1 1
o)) i)
SK = 4 : 2 1 4
o)
4 4 (2.4.3)
And the Moores’ (1998) kurtosis is on octiles and is given by;
7 5 3 1
os)-di)- ) s
KT = 8 68 18 8
d5)-)
8 4 24.4)

Order statistics are used in a wide range of problems including robust statistical estimation and detection of
outliers, characterization of probability distributions and goodness of fit tests, entropy estimation, analyses

X, Xy X

n

2.5 Order statistics

of censored samples, reliability analysis, quality control and strength of materials. Suppose

X

is a random sample from a distribution with pdf, f{x), and let O denote the corresponding

im \ X ..
order statistic obtained from this sample. The pdf, f"” ( ) of the i" order statistic can be defined as;

n! i n—i
fin(¥) = f(X)F(x)" [1- F(x)
(i-Dl(n-i)! [ ] 2.5.1)
where f(x) and F(x) are the pdf and cdf of the LGD respectively.

Using equations (2.1.3) and (2.1.4), the pdf of the i" order statisticX;.,, can be expressed from equation
(2.5.1) as;

f m(x):(i_l)’:(!n_i)!g}(—l)k(":]{aﬂ‘eeﬁ{ﬂﬁ(eﬂl)}_w}*[l—ﬁa {ﬁ**f(e’“ _1)}ﬁ1”“ (252)

Hence, the pdf of the minimum order statistic X(;) and maximum order statistic X,y of the LGD are
respectivelygiven by:
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=5 (- 1)"[” . lj[aﬁaee”{mf(e”-l)}‘“*”}*[1— gL p+e(er 1)) }

(2.5.3)

and

f”(x)=n[a/3a96”{/3+f(e”—l)}_wl)} 1-pB“ {,3+§(e”—1)}

2.6 Reliability analysis

n-1

(2.5.4)

2.6.1 Survival function
Survival function is the likelihood that a system or an individual will not fail after a given time. It tells us

about the probability of success or survival of a given product or component. Mathematically, the survival
function is given by:

S(x) =1—F(x) o

Where F(x) is cdf of the Lomax-Gompertz distribution, we have:

S(x)=p* {ﬂ+%(€“_l)}w (2.6.2)

Below is a plot of the survival function at chosen parameter values in Fig. 2.6.1

Survival function of Lomax-Gompertz Distribution

10

x
0

NNNNOO <
e B R B e s

bbbd

Qi
[ QT gy

=

DOBDLE
I\] I\] I\] um 'N um
ol oflolololel
(RN
bouumn
I o

5

04

Fig. 2.6.1. The survival function of the LGD for different values of a=a,b= ’B’t - Handg =7 as

shown on the key in the plot above

Interpretation: The figure above revealed that the probability of survival for any random variable following a
Lomax-Gompertz distribution drops as the values of the random variable increases, that is, as time or age
grows, probability of life or survival decreases. This implies that the Lomax-Gompertz distribution can be
used to model random variables whose survival rate decreases as their age grows.

10
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2.6.2 Hazard function

Hazard function as the name implies is also called risk function, it gives us the probability that a component
will fail or die for an interval of time. The hazard function is defined mathematically as;

S(x) _ /(%)
)= ) s

(2.6.3)

Taking f(x) and F(x) to be the pdf and cdf of the proposed Lomax-Gompertz distribution and Substituting for
f(x) and F(x) in equation (2.6.3) and simplifying gives the following results.

-1

h(x) = 0596”{,3*%(6”_1)} (2.6.4)

The following is a plot of the hazard function at chosen parameter values in Fig. 2.6.2

Hazard function of Lomax-Gompertz Distribution
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Fig. 2.6.2. The hazard function of the LGD for different values of a= Ol,b - ﬂ L= Handg =7 as
shown on the key in the plot above

Interpretation: the figure above revealed that the probability of failure for any random variable following a

Lomax-Gompertz distribution is both increasing and decreasing as the values of the random variable
increases depending on the chosen parameter values.

2.7 Estimation of parameters

X, X0 X,

Let " be a sample of size n independently and identically distributed random variables from
the LGD with unknown parameters a, 5, 6 and y as defined previously.

The likelihood function of the random sample is given by:

n n n ) . *(0{+1)
L(X, Xy aXn/&%a,ﬂ):(a,Ba@) eygx'Z[ﬂ—log{l—(l—e_y(e _l)m
(2.7.1)

i=1

11
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Taking the natural logarithm of the likelihood function, ie., Let,
L(n)=logL(X,,X,,.....X, /6,y ,a,B)

i=l i=l

I(n) =nloga+nalog f+nlogH+ ynzx[ —(a+1)ilog[ ﬂ_log[l_(l_e—f(e"u)ﬂj
(2.7.2)

Differentiating [(n) partially with respect to 6, 7, a and /5 respectively gives;

) _n_ (@D e ml)(em‘l)t
o0 6 y T (ﬂ+i(eyx,_1))(e—f( /«n_l)j
(2.7.3)
_ﬁ(e”‘q) o
Ol(n) & 0@+ e 1-¢")
oy ZX y? Z ( ﬁ+5(8m_1))[ o ))
(2.7.4)
ol (n) _n N of 7
Toa o TMogs ;log(ﬂ+§(e 1)) (2.7.5)
ol(n) na . 1
b L S |
B e (B+2(e™-1)) 076

Equating equations (2.7.3), (2.7.4), (2.7.5) and (2.7.6) to zero and solving for the solution of the non-linear

system of equations will give us the maximum likelihood estimates (MLEs) of parameters 0.y,a.and,
respectively. However, the solution cannot be obtained analytically except with the aid of suitable statistical
software like Python, R, SAS, etc. when data sets are given.

3 Results and Discussion

The three data sets, their descriptive statistics, graphics and applications are presented here. We have
compared the performance of the proposed distribution, Lomax-Gompertz distribution to other
generalizations of the Gompertz distribution such as Generalized Gompertz distribution (GGD), odd
generalized Exponential-Gompertz distribution (OGEGD), Transmuted Gompertz distribution (7GD) and
the Gompertz distribution (GD).

The following are the data sets used for analysis and applications in this paper. These are:
Dataset I: This data set represents the waiting times (in minutes) before service of 100 Bank customers and

examined and analyzed by [13] for fitting the Lindley distribution. This dataset has been used previously by
[14] and [15]. It is as follows: 0.8, 0.8, 1.3, 1.5, 1.8,1.9, 1.9, 2.1, 2.6,2.7, 2.9, 3.1, 3.2, 3.3, 3.5, 3.6,

12
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4.0, 4.1, 42, 42,43,43, 44, 44, 4.6, 47, 47, 4.8, 49, 49, 5.0, 53, 5.5, 5.7, 5.7, 6.1, 6.2, 6.2,
6.2, 6.3, 67, 69, 7.1, 7.1, 7.1, 7.1, 74, 7.6, 7.7, 8.0, 8.2, 8.6, 8.6, 8.6, 8.8, 8.8, 8.9, 8.9, 9.5, 9.6,
9.7, 9.8, 10.7, 10.9, 11.0, 11.0, 11.1, 11.2, 11.2, 11.5, 11.9, 12.4, 12.5, 129, 13.0, 13.1, 13.3, 13.6,
13.7, 139, 14.1, 154, 154, 17.3, 17.3, 18.1, 18.2, 18.4, 189, 19.0, 19.9, 20.6, 21.3, 214, 21.9,
23.0, 27, 31.6, 33.1, 38.5.

Dataset I1: This data set is the strength data of glass of the aircraft window reported by [16]. This data has
also been used by [17]. This data is as follows: 18.83, 20.8, 21.657, 23.03, 23.23, 24.05, 24.321, 25.5, 25.52,
25.8, 26.69, 26.77, 26.78, 27.05, 27.67, 29.9, 31.11, 33.2, 33.73, 33.76, 33.89, 34.76, 35.75, 35.91, 36.98,
37.08, 37.09, 39.58, 44.045, 45.29, 45.381.

Dataset III: This data set represents the lifetime’s data relating to relief times (in minutes) of 20 patients
receiving an analgesic and reported by [18] and has been used by [19] and [20]. It is as follows: 1.1, 1.4,
1.3, 1.7, 1.9, 1.8, 1.6, 2.2, 1.7, 2.7, 4.1, 1.8, 1.5, 1.2, 1.4, 3.0, 1.7, 2.3, 1.6, 2.0.

The following table gives the summary descriptive statistics for the three data sets above.

Table 3.1. Summary Statistics for the three data sets

Parameters N Minimum Q Median Q Mean Maximum Variance Skewness Kurtosis
1 3

Values for 100 0.80 4.675 8.10 13.020 9.877 38.500 52.3741 14728 5.5403
data set I
Values for 31  18.83 25.51 29.90 35.83 30.81 45.38 52.61 0.4054 2.2866
data set I1
Values for 20 1.10 1.475 1.70 2.05 1.90 4.10 0.4958 1.7198 5.9241

data set I11

We also provide some histograms and densities for the three datasets as shown in Figures 3.1, 3.2 and 3.3
below respectively.

WVvaiting tirmes of Banmnk custorm Waitimng times of Banmnk custorm

et F % = _|
= =
e =
= .
=
. =
= _]
= = = |
I=3 = ] =1 = _]
= =
— ]
= | = _|
= =
—_ r T T T 1 — T T T T T
(] 10 20 =0 4O (o] 1O =0
> = 100 Bandwidthh — 22 27573

Fig. 3.1. A histogram and density plot for waiting times of bank customers (Data set I)

Ssrength of glass of window Srength of glass of vwindow
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a1s =2s =5 as 1o =Zo =0 a0 sSo

sy
Jndly

< = =1 Bandwidlihn = 3 2S5

Fig. 3.2. A Histogram and density plot for the strength data of glass of aircraft window (Data set II)
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Relief times of 20 patients Relief times of 20 patients
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Fig. 3.3. A Histogram and density plot for the Relief times of 20 patients (Data set III)

From the descriptive statistics in Table 3.1 and the histograms and densities shown above in Figs. 3.1, 3.2
and 3.3 for the three data sets respectively, we observed that the three data sets are positively skewed;
however, the third data set has a higher skewness coefficient followed by the first and then the second with a
very low peak.

For us to fit and assess the performance of the models listed above, we made use of some criteria: the 4IC
(Akaike Information Criterion), CAIC (Consistent Akaike Information Criterion) and HQIC (Hannan Quin
information criterion). The formulas for these statistics are given as follows:

— 2kn _
AIC =211 + 2k CAIC= 2+ 55 | HOIC =211+ 2klog[ log(n) |

Where /[ = L and it denotes the log-likelihood function evaluated at the MLEs, k is the number of model
parameters and n is the sample size.

Decision bench mark: The model with the lowest values of these statistics would be chosen as the best
model to fit the data.

Table 3.2. Performance evaluation of the Lomax-Gompertz distribution with some generalizations of
the Gompertz distribution using the AIC, CAIC and HQIC values of the models evaluated at the MLEs
based on data set 1

Distributions  Parameter -ll=(-log- AIC CAIC HQOIC Ranks of

estimates likelihood models
value) performance

LGD 6=0.2593 347.8476 703.6952 704.1162 707.9126 1
y=0.4411
a=2.3755
B=3.1367

GGD 6=0.2215 739.5045 1485.0090 1485.2590 1488.1720 4
7=0.0932
¢=0.3262

TGD 6=0.1950 365.8488 737.6975 737.9475 740.8606 2
7=0.0217
1=-0.1190

OGEGD 6=0.0347 659.9827 1327.9650 1328.3870 1332.1830 3
#=0.0063
a=17.5647
p=1.5793

GD 6=2.0907 2894.2880 5792.575 5792.6990 5794.6840 5
$=0.0433
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Using the values of the parameter MLEs and the corresponding values of -/I, AIC, CAIC and HQIC for each
model as shown in Table 3.2, we can understand that the LGD performs better with smaller values of the
information criteria compared the other models. The above performance can be traced to the fact that the
proposed distribution is heavily skewed to the right with a high peak and the first data set is also positively
skewed with a large coefficient of kurtosis.

Table 3.3. Performance evaluation of the Lomax-Gompertz distribution with some generalizations of
the Gompertz distribution using the AIC, CAIC, and HQIC values of the models based on dataset II

Distributions = Parameter -lI=(-log- AIC cAIC HQIC Ranks of
estimates likelihood models
value) performance
LGD 0=0.1808 193.1088 394.2177 395.7562 396.0875 1
¥=0.0108
a=7.0269
B=8.2813
GGD 6=0.2824 281.3734 568.7469 569.6358 570.1492 2
7=0.0019
£=3.0485

TGD 665.7328 1337.4060 1338.3540 1338.8680 4

Il
<
W
¢}
=
>N

0.0122
0.7111
=0.0545 443.9031 895.8062 897.3447 897.6760 3
=0.0373
=2.0383
0.2229
2.0907 780.4185 1564.837 1564.961 1566.946 5
=0.0433

OGEGD

= D T) =

~?> D

GD

> D

Table 3.4. Performance evaluation of the Lomax-Gompertz distribution with some generalizations of
the Gompertz distribution using the AIC, CAIC and HQIC values of the models based on data set I11

Distributions  Parameter  -U=(-log- AIC CAIC HQIC Ranks of
estimates likelihood models
value) performance
LGD 09=0.2646 25.1072 58.2143 60.8809 58.9918 4
y=1.0598
a=2.9677
B=8.5964
GGD 6=0.9839 19.2364 44.4729 45.9729 45.0559 1
7=0.3899
£=7.1231

TGD 24.6575 55.3151 56.8151 55.8982 2

Il
IS4
—_
N
3
[\

0.8821
=0.1998
0.1094 186.5786 381.1572 383.8238 381.9347 5
=0.3918
2.9711
4.4035
0.2765 25.8436 55.6873 56.3932 56.0760 3
=0.5845

PN ‘ﬁ) Dy

OGEGD

~» C\IID)
Il

~?> D

GD

~> )

Table 3.3 also shows the parameter estimates to each of the five fitted distributions for the second data set
(data set IT), the table also provide the values of -//, AIC, CAIC and HQIC of the fitted models evaluated at
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their corresponding MLEs. The values in Table 3.3 indicate that the LGD has better performance with the
lowest values of AIC, CAIC and HQIC followed by the GGD, TGD, OGEGD and GD. Again the reason
behind this outperformance is that, the second data set has a low degree of kurtosis and skewness to the right
meanwhile, our proposed model has various shapes with both moderate and higher peak all skewed to the
right.

Table 3.4 also presents the parameter estimates and the values of -1I, AIC, CAIC and HQIC for the five fitted
models for the third data set. However, the values in the above table show that the GGD has better
performance with the lowest values of AIC, CAIC and HQIC compared to the other four models including
the proposed distribution. The proposed model performed poorly, closely following the baseline distribution.
This poor performance could be attributed to the smaller sample size.

4 Summary and Conclusions

This article introduced a new distribution called Lomax-Gompertz distribution. It studied some mathematical
and statistical properties of the proposed distribution with some graphical demonstration appropriately. The
derivations of some expressions for its moments, moment generating function, characteristics function,
survival function, hazard function, quantile function and ordered statistics has been done effectively. The pdf
plot of the distribution revealed that it is positively skewed and its degree of kurtosis depends on the values
of the parameters. The model parameters have been estimated using the method of maximum likelihood
estimation. The implications of the plots for the survival function indicate that the Lomax-Gompertz
distribution could be used to model time-dependent events or variables whose survival decreases as time
grows or where survival rate decreases with time. The results of the three applications showed that the
proposed distribution performs better than some extensions of the Gompertz distribution however,
depending on the nature of the data sets. It was revealed that this new distribution has better performance for
positively skewed data sets with larger sample sizes.

Competing Interests
Authors have declared that no competing interests exist.

References

[1]  Johnson NL, Kotz S, Balakrishnan N. Continuous univariate distributions, 2 Edn. John Wiley and
Sons, New York. 1995;2.

[2] Brown K, Forbes W. A mathematical model of aging processes. Journal of Gerontology.
1974;29(1):46-51.

[3] Ohishi K, Okamura H, Dohi T. Gompertz software reliability model: Estimation algorithm and
empirical validation. Journal of Systems and Software. 2009;82(3):535-543.

[4] Bemmaor AC, Glady N. Modeling purchasing behavior with sudden “death”: A flexible customer
lifetime model. Management Science. 2012;58(5):1012-1021.

[5] Willemse W, Koppelaar H. Knowledge elicitation of Gompertz’ law of mortality. Scandinavian
Actuarial Journal. 2000;2:168-179.

[6] Burga S, Mehmet FK, Abd-Elfattah AM. Comparison of estimators for stress strength reliability in
Gompertz case. Hacettepe Journal of Mathematics and Statistics. 2009;38(3):339-349.

[7]  El-Gohary A, Al-Otaibi AN. The generalized Gompertz distribution. Applied Mathematical
Modelling. 2013;37(1-2):13-24.

16



Omale et al.; AJPAS, 3(2): 1-17, 2019; Article no.AJPAS.47615

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

Gupta RD, Kundu D. Generalized exponential distribution. Australian and New Zealand Journal of
Statistics. 1999;41:173-188.

Jafaril AA, Tahmasebi S, Alizadeh M. The Beta-Gompertz distribution. Revista Colombiana de
Estadistica Junio. 2014;37(1):139-156.

El-Damcese MA, Mustafa A, El-Desouky BS, Mustafa ME. The odd generalized exponential
Gompertz distribution. Applied Mathematics. 2015;6:2340-2353.
Available:http://dx.doi.org/10.4236/am.2015.614206

Abdul-Moniem IB, Seham M. Transmuted Gompertz distribution. Computational and Applied
Mathematics Journal. 2015;1(3):88-96.

Cordeiro GM, Ortega EMM, Popovic BV, Pescim RR. The Lomax generator of distributions:
Properties, minification process and regression model. Applied Mathematics and Computation.
2014;247:465-486.

Amin EA. Kth upper record values and their moments. International Mathematical Forum.
2011;6:3013-3021.

Ieren TG, Oyamakin SO, Yahaya A, Chukwu AU, Umar AA, Kuje S. On making an informed choice
between two Lomax-based continuous probability distributions using lifetime data. Asian Journal of
Probability and Statistics. 2018;2(2):1-11.

DOI: 10.9734/AJPAS/2018/45012

Ieren TG, Kuhe AD. On the properties and applications of Lomax-exponential distribution. Asian
Journal of Probability and Statistics. 2018;1(4):1-13.
DOI: 10.9734/AJPAS/2018/42546

Ghitany M, Al Mutairi D, Balakrishnan N, Al Enezi I. Power Lindley distribution and associated
inference. Computational Statistics and Data Analysis. 2013;64:20-33.

Abdullahi UK, Ieren TG. On the inferences and applications of transmuted exponential Lomax
distribution. International Journal of Advanced Probability and Statistics. 2018;6(1):30-36.
DOI: 10.14419/ijap.v6i1.8129

Gross AJ, Clark VA. Survival distributions: Reliability applications in the biometrical sciences. John
Wiley, New York; 1975.

Shanker R, Fesshaye H. On modeling of lifetime data using Akash, Shanker, lindley and exponential
distributions. Biom Biostsat International Journal. 2016;3(6):00084.
DOI: 10,15406/bbij.2016.03.00084

Ieren TG, Oyamakin SO, Chukwu AU. Modeling lifetime data with Weibull-Lindley distribution.
Biometrics and Biostatistics International Journal. 2018;7(6):532-544.

© 2019 Omale et al.; This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium, provided
the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your
browser address bar)

http.//www.sdiarticle3.com/review-history/47615

17



