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Abstract

The present study aims to obtain infinite fractional power series solution vectors of fractional Cauchy-
Riemann systems equations with initial conditions by the use of vectorial iterative fractional Laplace
transform method (VIFLTM). The basic idea of the VIFLTM was developed successfully and applied to
four test examples to see its effectiveness and applicability. The infinite fractional power series form
solutions were successfully obtained analytically. Thus, the results show that the VIFLTM works
successfully in solving fractional Cauchy-Riemann system equations with initial conditions, and hence it
can be extended to other fractional differential equations.

Keywords: Fractional Cauchy-Riemann systems equations;, Caputo fractional derivatives; vectorial
iterative fractional Laplace transform method.

1 Introduction

Fractional calculus theory is a mathematical analysis tool to the study of arbitrary order integrals and
derivatives, which unify and generalize the notations of integer-order differentiation and 7 — fold integration

*Corresponding author: E-mail: kebesh2006@gmail.com;



Kenea; ARJOM, 16(1): 60-83, 2020; Article no. ARJOM.48609

[1,2,3,4]. The L'Hopital’s letter raised the question "What doesw mean if,, — 19" t0 Leibniz in 1695
ox" 2

is considered to be where the idea of fractional calculus started [2,5,6,7,8]. Since then, so many works on

this question and other related questions have done up to the middle of the 19™ century by many famous

mathematicians such as Laplace, Fourier, Abel, Liouville, Riemann, Grunwald, Letnkov, Levy, Marchaud,

Erdelyi and Reisz and these works sum up leads to contributions creating the field which is known today as

fractional calculus [3].

However, fractional calculus has almost the age of standard calculus, it was only in recent few decades that
its theory and applications have rapidly developed. Ross [9] was the first in organizing the first international
conference on fractional calculus and its applications at the University of New Haven in June 1974 and
edited the proceedings, and Oldham and Spanier [3] published the first monograph on fractional calculus in
1974. Then after, because of the fact that fractional derivatives and integrals are non-local operators and then
this property makes them a powerful instrument for the description of memory and hereditary properties of
different substances [4], theory and applications of fractional calculus have attracted much interest and
become an exciting research area. For more detailed information, the reader is kindly requested to go
through [10,11] to know more details about the mathematical properties of fractional derivatives and
fractional integrals, including their types and history, their motivation for use, their characteristics, and their
applications.

Due to this, fractional calculus has got many important applications in different fields of science,
engineering and finance. For example, Shanantu Das [12] discussed that fractional calculus is applicable to
problems in: fractance circuits, electrochemistry, capacitor theory, feedback control system, vibration
damping system, diffusion process, electrical science, and material creep. Podlubny [4] discussed that
fractional calculus is applicable to problems in fitting experimental data, electric circuits, electro-analytical
chemistry, fractional multi-poles, neurons and biology [4]. Fractional calculus is also applicable to problems
in: polymer science, polymer physics, biophysics, rheology, and thermodynamics [6]. In addition, it is
applicable to problems in: electrochemical process [2,3,4], control theory [4,13], physics [14], science and
engineering [8], transport in semi-infinite medium [3], signal processing [15], food science [16], food gums
[17], fractional dynamics [18,19], modeling Cardiac tissue-electrode interface [20], food engineering and
econophysics [13], complex dynamics in biological tissues [21], viscoelasticity [4,14,16,22,10], modeling
oscillation systems [23]. Some of these mentioned applications were tried to be touched as follows.

In the area of science and engineering, different applications of fractional calculus have been developed in
the last two decades. For instance, fractional calculus was used in image processing, mortgage, biosciences,
robotics, the motion of fractional oscillator and analytical science [8]. It was also used to generalize
traditional classical inventory model to fractional inventory model [24].

In the area of the electrochemical process, for example, half-order derivatives and integrals proved to be
more useful for the formulation of certain electrochemical problems than the classical models [2,3,4].

In the area of viscoelasticity, the use of fractional calculus for modeling viscoelastic materials is well known.
For viscoelastic materials, the stress-strain constitutive relation can be more accurately described by
introducing the fractional derivative [4,22,10,25,26,27]. Fractional derivatives, which are the one part of
fractional calculus, are used to name derivatives of an arbitrary order [4]. Recently, fractional derivatives
have been successfully applied to describe (model) real-world problems.

In the area of physics, fractional kinetic equations of the diffusion, diffusion-advection and Fokker-Plank
type are presented as a useful approach for the description of transport dynamics in complex systems that are
governed by anomalous diffusion and non-exponential relaxation patterns [28]. Metzler and Klafter [28]
derived these fractional equations asymptotically from basic random walk models, and from a generalized
master equation. They presented an integral transformation between the Brownian solution and its fractional
counterparts. Moreover, a phase space model was presented to explain the genesis of fractional dynamics in
trapping systems. These issues make the fractional equation approach powerful. Their work demonstrates
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that the fractional equations have come of age as a complementary tool in the description of anomalous
transport processes. L.R. Da Silva, Tateishi, M.K. Lenzi, Lenzi and Da silva [29] were also discussed that
solutions for a system governed by a non-Markovian Fokker Planck equation and subjected to a Comb
structure were investigated by using the Green function approach. This structure consists of the axis of the
structure as the backbone and fingers which are attached perpendicular to the axis, and for this system, an
arbitrary initial condition in the presence of time-dependent diffusion coefficients and spatial fractional
derivatives were considered and the connection to the anomalous diffusion was analyzed [29].

In addition to these, the following are also other applications of fractional derivatives. Fractional derivatives
in the sense of Caputo fractional derivatives were used in generalizing some theorems of classical power
series to fractional power series [1]. Caputo time-fractional derivatives was used to model a natural
convection flow; see [30]. Fractional derivative was applied to study the effects of Lorentz force induced by
convection; see [31] Fractional derivative in the Caputo sense was used to introduce a general form of the
generalized Taylor’s formula by generalizing some theorems related to the classical power series into
fractional power series sense [32]. A definition of Caputo fractional derivative proposed on a finite interval
in the fractional Sobolev spaces was investigated from the operator theoretic viewpoint [33]. Particularly,
some important equivalence of the norms related to the fractional integration and differentiation operators in
the fractional Sobolev spaces are given and then applied for proving the maximal regularity of the solutions
to some initial-boundary-value problems for the time-fractional diffusion equation with the Caputo
derivative in the fractional Sobolev spaces [33]. With the help of Caputo time-fractional derivative and

Riesz space-fractional derivative, the [ -fractional diffusion equation, which is a special model for the two-

dimensional anomalous diffusion, is deduced from the basic continuous time random walk equations in
terms of a time- and space-fractional partial differential equation with the Caputo time-fractional derivative

of order E and the Riesz space-fractional derivative of order ,3 [34]. Fractional derivatives were also used

to describe HIV infection of CD4" T with therapy effect [35].

In the area of modelling oscillating systems, caputo and Caputo-Fabrizio fractional derivatives were used to
present fractional differential equations which are generalization of the classical mass-spring-damper model,
and these fractional differential equations are used to describe a variety of systems which had not been
addressed by the classical mass-spring-damper model due to the limitations of the classical calculus [23].

Podlubny [4] stated that fractional differential equations are equations which contain fractional derivatives.
These equations can be divided into two categories such as fractional ordinary differential equations and
fractional partial differential equations. Fractional partial differential equations (PDES) are a type of
differential equations (DEs) that involving multivariable function and their fractional or fractional-integer
partial derivatives with respect to those variables [36]. There are different examples of fractional partial
differential equations. Some of them are: the time-fractional Boussinesq-type equation, the time-fractional

B(2,1,1) -type equation and the time-fractional Klein-Gordon-type equation stated in Abu Arqub et al.

[36], and time fractional diffusion equation stated in A. Kumar, Kumar and Yan [37], Cetinkaya and Kiymaz
[38], Kumar, Yildirim, Khan and Wei [39], Kebede [40,41] and so on.

Recently, fractional differential equations have been successfully applied to describe (model) real-world
problems. For instance, the generalized wave equation, which contains fractional derivatives with respect to
time in addition to the second-order temporal and spatial derivatives, was used to model the viscoelastic case
and the pure elastic case in a single equation [42]. The time fractional Boussinesq-type equations can be
used to describe small oscillations of nonlinear beams, long waves over an even slope, shallow-water waves,
shallow fluid layers, and nonlinear atomic chains; the time-fractional B(2, 1, 1) -type equations can be used

to study optical solitons in the two-cycle regime, density waves in traffic flow of two kinds of vehicles, and
surface acoustic soliton in a system supporting love waves; the time fractional Klein-Gordon-type equations
can be applied to study complex group velocity and energy transport in absorbing media, short waves in
nonlinear dispersive models, propagation of dislocations within crystals as cited in [43]. As cited in Abu
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Arqub [43], the time-fractional heat equation, which is derived from Fourier’s law and conservation of
energy, is used in describing the distribution of heat or variation in temperature in a given region over time;
the time-fractional cable equation, which is derived from the cable equation for electro diffusion in smooth
homogeneous cylinders and occurred due to anomalous diffusion, is used in modelling the ion electro
diffusion at the neurons; the time-fractional modified anomalous sub diffusion equation, which is derived
from the neural cell adhesion molecules, is used for describing processes that become less anomalous as time
progresses by the inclusion of a second fractional time derivative acting on the diffusion term; the time
fractional reaction sub diffusion equation is used to describe many different areas of chemical reactions,
such as exciton quenching, recombination of charge carriers or radiation defects in solids, and predator pray
relationships in ecology; the time-fractional Fokker—Planck equation is used to describe many phenomena in
plasma and polymer physics, population dynamics, neurosciences, nonlinear hydrodynamics, pattern
formation, and psychology; the time-fractional Fisher’s equation is used to describe the population growth
models, whilst, the time fractional Newell-Whitehead equation is used to describe fluid dynamics model and
capillary—gravity waves [41,44]. The fractional differential equations, a generalization of the classical mass-
spring-damper models, are useful to understand the behaviour of dynamical complex systems, mechanical
vibrations, control theory, relaxation phenomena, viscoelasticity, viscoelastic damping and oscillatory
processes [23]. The space-time fractional diffusion equations on two-time intervals were used in finance to
model option pricing and the model was shown to be useful for option pricing during some temporally

abnormal periods [45]. The [ -fractional diffusion equation for 0 < /3 < 2 describes the so called Levy

flights that correspond to the continuous time random walk model, where both the mean waiting time and
the jump length variance of the diffusing Particles are divergent [34]. Time fractional diffusion equations in
the Caputo sense with initial conditions are used to model cancer tumor [46].

The system of first-order linear equations:

Q[u(x,y)}{o l}i[u(x’y)}{f(x’y)]erR y>0

vy | (-1 0fox|v(xy)| |&(x,y) (1.2)

u(x

for the desired vector { } is involving real-valued functions u(x, ) and v(x, ). Together, System

v(x,y)
(1.a) is elliptic while individually both the partial differential equations are hyperbolic for the ellipticity of
the system [47]. If £ (x, y) = 0 = g(x, ¥), Equation (1.a) is the Cauchy-Riemann system and dependent

u(x,y)}
as
v(x,y)
being given on y =0, we are mainly concerned with the inhomogeneous Cauchy-Riemann System (1.a)
subject to the following initial condition [48]:

[%(x,y)} _ {(o(x)} IR
(x| Ly ()

where @(x) and (x) are analytic.

variables %4 and Vare analytic. Thinking of ) as a time variable and of data for the vector |:

(L.b)

It is well known that initial value problem for the Cauchy-Riemann system is ill-posed. The inherent
instability of this system, for the first time was discussed by Hadamard [49]. Farmer and Howison [50]
illustrate the ill-posed nature of the system in various contexts.
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Joseph and Saut [51] associated that the ill-posedness of Cauchy problem with the non-existence of a
solution to the initial-value problem for non-analytic data. They showed that the problems which are
Hadamard unstable cannot be solved unless the initial data are analytic. Reichel [52] analyzed several fast
numerical methods based on solving initial-value problems for the Cauchy-Riemann system. She discussed
the techniques for analytic continuation of conformal mappings and indicated the available methods for
finding analytic continuations which use Taylor coefficients or their approximations for the analytic
functions, see for example Gustafson [53] and Henrici [54]. Reichel [52] also shows the stability and
accuracy of her schemes through numerous applications.

During the past couple of decades, researchers have been engrossed to constructing the approximate analytic
solution for the partial differential equations. For example, Naseem and Tahir [48] used a Vectorial reduced
differential transform (VRDT) method to solve the initial-value problem for the inhomogeneous Cauchy-
Riemann system.

Recently, beyond standard partial differential equations, the fractional differential equations have gained
much attention of researchers due to the fact that they generate fractional Brownian motion which is a
generalization of Brownian motion [4]. Due this, fractional derivative provides an excellent tool for
describing memory and hereditary properties for various [4] materials and processes ordinary (standard
derivative) [55], and then based on this fact, the systems of first order linear equations form given by (1.a)
[48] were extended to the form:

ux,y)| [0 1 Kl u(x,y)| [ /] B
Df{v(xay)}_{—l 0}6x[v(3gy)}+{g(x’y)}p I<p<pxyelR y>0 (2.4)

r B ’0
| _| S )};rzo, 1,2 p—LxelR (2.b)

v, | 1&(x0)

)]
where |:f(( ’y)) is the source terms, which is a generalization of equation (l .a) given (l .b) , was
88X, )) |

considered and then solved it by Vectorial Iterative Fractional Laplace Transform method in this paper. Here

g OV . o s
=J ) , where the Caputo fractional derivative, Dy has the advantage that

Dﬂ{u(x,y)

9 u(x,y)
T v(x, y)}

o
& v(x,y)

the initial conditions for fractional differential equations with Caputo derivative take on the same form as for
integer order differential equations [56].

The iterative method was firstly introduced by Daftardar-Gejji and Jafari [57] to solve numerically the
nonlinear functional equations. By now, the iterative method has been used to solve many integer and
fractional boundary value problem [58]. Jafari et al. [59] firstly solved the fractional partial differential
equations by the use of iterative Laplace transform method (ILTM). More recently, Yan [60], Sharma and
Bairwa [61], Sharma and Bairwa [62], Kebede [41] were used VILTM for solving Fractional Fokker-Planck
equations, generalized time-fractional biological population model, Fractional Heat and Wave-Like
Equations, and (n+1)-Dimensional time fractional diffusion equations respectively.

In this paper, the author has been presented how to obtain the solutions of fractional Cauchy-Riemann
systems with initial conditions in the form infinite fractional power series form by the use of vectorial
iterative fractional Laplace transform method (VIFLTM). The basic idea of VIFLTM was developed
successfully, and then four test examples were presented to see its effectiveness and applicability. Their
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solutions in the form of infinite fractional power series were successfully obtained by the use of vectorial
iterative fractional Laplace transform method (VIFLTM). The results show that the vectorial iterative
fractional Laplace transform method works successfully in solving fractional Cauchy-Riemann systems, and
hence it can be extended to other systems of equations.

This paper is organized as follows in the next sections. In the methods and materials section, the way the
study was designed to go through was discussed. In the preliminaries section, some definitions, properties
and theorems of fractional calculus theory. In the results and discussion section, the results which are the
basic idea of vectorial fractional Laplace transform method, application examples and discussion of the
application of the results obtained were presented. Finally, the conclusions are presented.

2 Methods and Materials

First, the background theory for the objective of the study was set. Next, inhomogeneous Cauchy system of
fractional differential equations with initial conditions of the form: Equation (Z.a) given that Equation

(Z.b) was considered and then solved analytically by using vectorial iterative fractional Laplace transform

method following the next five procedures sequentially. First, some basic definitions and properties of
fractional calculus and Laplace transform were revisited. Secondly, basic idea of iterative fractional Laplace

transform method for Equation (S.a) given that Equation (8 .b) was developed and then remark 3.2.2.1 was

obtained. Thirdly, solutions of Equation (2.(1) given that Equation (Z.b) in the form of infinite fractional
power series was obtained by using the remark 3.2.2.1. Lastly, the exact solution vector of the standard form
of Equations (Z.a ) given that Equation (Z.b) for the special case f =1 was obtained.

3 Preliminaries

Some basic definitions and properties of fractional calculus and Laplace transform were revisited as follows
to use them in this paper; see [2,4,10,11].

Definition3.1. A real valued function#(x,?), x € IR,t > 0, is said to be in the space C,, 1 € IR, if there
exists a real number g > u such thatu(x) = tu,(x,t), whereu,(x,t) € C(IRx[0,+0)) and it is said
to be in the space CZ ifu("’)(x,t) € Cﬂ, nelN.

Definition3.2. The Riemann-Liouville fractional integral operator of order >0 of a function

u(x,t) ECﬂ,,Ll > -1 is defined as

LI PR
J,ﬁu(x,t): F([;’)-([(x E u(x,E)dE, 0<E<t, >0 (3)
u(x,t), ﬂ =0

Consequently, for a,f8>0,C e IR, u(x,t) e C;,u(x,t)e C,, st >-1, the operator J” has the

t

propertiethaJtﬂu(x,t)=Jta+ﬂu(x,t)ZJthau(x,t),Jtﬂc: _C and J/t" = _To+h e
Ia+1) C(y+1+p)
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But, Riemann Liouville derivative does not allow the utilization of initial and boundary conditions involving
integer order derivatives during modelling real-world problems with fractional differential equations. To
beat this disadvantage of Riemann Liouville derivative [2,4], Caputo proposed a modified fractional

differentiation operator Daﬂ [55] to illustrate the theory of viscoelasticity as follows:
m—, m 1 t m—=p— m
DL f(x)=J," D" f(x) = ————[(x=&)" " f"(&)dE, B0 (4)
L(m-p),,

where m—1<f<m,x>aand feC” .

This Caputo fractional derivative allows the utilization of initial and boundary conditions involving integer
order derivatives, which have clear physical interpretations of the real situations.

Definition3.3. For the smallest integer that exceeds /7 , the Caputo time fractional derivative order 5> 0 of
a function u(x,?) is defined as:
1 L 0"u(x,d) dé )

T ﬂ)f(t—é)'””” o J
Dl u(x,t) = 0 =J'”’ﬁ—mu(x,t), 0<m-l<f<m (5)
amu(x’t) d[
5ﬁ = m
atm

Theorem3.1. If m—1< S<m,VmeIN,u(x,))e C;',y 21 then

i D/JPu(x,t)=u(x,t) .
k k

m—1
i. JPD’u(x,t) =u(x,t)—za—ku(x,0+)t—, t>0.
o Ot k!

Definition3.4. [11] Laplace transform of ¢(#),¢ > 0 is

LfO1=F(s)=[ e f(t)dr (©)

Definition3.5. [11] Laplace transform of D,’B u(x,t)is

LD u(x,t)]= L{u(x, t)]—iuk (x,0s"* . g—-1< f<q,qeIN (7)

k=1
4 Results and Discussion

4.1 Main results

Basic idea of vectorial Iterative fractional Laplace transform method is illustrated as follows.
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Stepl. Consider a fractional non-linear inhomogeneous Cauchy Riemann System of partial differential
equations with initial conditions of the form:

Df {u(x, y)} _{ 0 1} 0 {M(X, y)} 3 {Nu(x, )’)} _ {f(% y)}, p-1< B<p (8.a)

vy | =1 0]ax[vxy) | [ My | ey
uy (x,0)| | f,(x,0)
= ). :O) 1) 2).‘.) _1 8.b
Lg (x,oj {g,(x,O)} ' d (85)

where D’ ! =D’ u(x’y) . = u(x,y) f = f(x,y) D’ . is the Caputo fractional
vl T een ] v ] lgl LeGay ] Ty

u
derivative of { }, N is general nonlinear  operator and [ } is the source terms.
v

g

Step2. Now apply fractional Laplace transform method to Equation (8.a)given that Equation (8.b) as
follows.

i.  Applying the Laplace transform denoted by L to Equation (8.a) , we obtain:

L
I o u(x,y) || | 0 1 Ly N rl/] 9)
“1v(x,y) -1 0 [8 j Nv L[g]
L —v
ox
ii. By using Equation (7),we get:

(10)

LS oy AFERIN
u(x,y)} sﬂ@ o™ Hm}{o 1} sﬂl(ac”) gt
v(x,y) l p_lvr(x’o)sﬂﬂq " l{g] -1 0 i gv i L(NV)

S\ & gl )| LY

iii. Taking inverse Laplace transform of Equation (l 0), we get:

ol i [y

W) L'( é @w'(x,o Ve 4g]B -10 L{ % L( gi B El[;gl(zvv)j

Step3. Now we apply the iterative method to Equation (1 1) as follows.
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u
i. Let [ :|be the solution vector of Equation (8.a) and has the infinite series form
%

Y ;“:‘ u u(x, y) ;”i ;u[ (%)
] ;wherev=v(x), R (12)
> 7 D || 2te)

Since, 9 is the linear operator, using Equation (12),

:aax :al; | (13)
a'] w2 | Za"

i=0 i=0

bl 02 0
6 a2t | 2an

ii. Since N is the non-linear operator, by using Equation (12), N is decomposed as:

o ] sl )
w N(gvij N(%)+§[N[§VJ—N[§;MD

iii. By substituting Equations (12), (1 3) and (14) in Equation (l l), we get

B [l [ ) sl o)

5 o2l T sz )| (g (5 "
iv. Now from Equation 15), we define recurrence relations:

|:u0}: I g [SI”EPZ(I;M ’Sﬂ_ruL[f]D (16)

el

L | —L U S| =

to ol iz

b L[EL[:()D ) LI(ZEL(N(%))] v

{uz}:{um}:{o 1} Ll(;ﬁ (;[Zl.;u %DJ +_L1(S1ﬁL(N[ZI.;uJ—N(uO)D )

v, | |val -1 0 I[S]ﬂ {i(zl.;" VOJ ]J _I[SI/’L[N(ZI;‘VJ_N(VO)B
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etz 30| oo (3 v
Continuing with this procedure, we get
TAT Nt g,
QAR NIRRT

Therefore the i” term approximate solution vector of Equation (S.G)given that Equation (8.b) in power

v3 v2+l

V.

i

vp+]

series form is given by

p+l

~ Uu.
u, Ug+u, +uy, +--+u 2 !
e = hp=1,2,3, - (21)
VotV v, ety Jad

LV
i=0

Step4. The infinite power series form solution vector of Equation (8.a) given that Equation (8.b) as

p € IN approaches 00, is obtained from Equation (2 1) and it is given as Equation (l 1) .

Remark 4.1.1: If Nu = 0, then Equation (8a ) given that Equation (8b) becomes Equation (2.a ) given that
Equation (2])) and

i.  u,which is given by Equation (l 6) becomes

T et

ii. u, which is given by Equation (1 7) becomes

Vo

w]_ [0 1HG”@“% (23)
Sk e

Vi
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iii. u, which is given by Equation (1 8) becomes

Ao R E)
SRR T

iv. Uywhich is given by Equation (l 9) becomes

V2

v - Vo | -1 0 o 1 (o0 (2 i
— I — u—Yu.
Sﬂ @C i=) l i=) l

v. Continuing with this procedure , #, = u il which is given by Equation (20) becomes

{] [ [0 1 _y[;ﬁ L{; 5.5 D
A )

Lo ;peIN, p=1,i=01 2 --; p+l (26)

Vp+1

4.2 Applications

The vectorial iterative fractional Laplace transform method (VIFLTM) was applied to four initial-value
problems of fractional Cauchy-Riemann systems of the form Equation (2.a)given that Equation (Z.b) for
determining closed solution vectors in infinite fractional power series.

Example 1. Taking f(x,y)=0 and g(x,y)=0 in Equation (2.(1) and choosing @(x) =0 and
w (x) = sinh x in Equation (Z.b), consider the fractional Cauchy Riemann system

D {u(x,y)} :{ 0 l}g[u(x, y)}'0< L<lL,xelR y>0 (27.a)
T y) | -1 0)ax| v(x, )

Subject to the initial conditions:

{”(x’o)} - V(x) } ,xe IR (27.b)

v(x,0) | [w(x)

By Equation (22) ,

70



Kenea; ARJOM, 16(1): 60-83, 2020; Article no. ARJOM.48609

I = i 0 £-0-1 = ix £-0-1 4
1,5 L[sﬂ(" o0 )j _ L[sﬂ e ] s (01) _[ 0 }
o)) ] _Ll[;?(vo(x,O)sﬁ o )] L' [Slﬂ(sinh)cxs/”)1 )j L [S(sinhx)] sinhx
“o(x’y) _ O :| (28)
| Vo(x,y) | |sinhx
By Equation (23 ),
10
‘ul(x,yq o 1}L{sﬂLKax (O)Jﬂ {o 1}0 | o2
= = y'oE L+
vy | (-1 0] [1 o -10 coshxm 0
L S/’L(Gx (smhx)j
_ _ yﬂ
)| oS o< f<lx e IR y >0 (29)
_Vl(xay)_ 0
By Equation (24) ,
A1 (& ((coshe)y”
L'|\—0— —si 25
w] [0 1 (Sﬂ{ax(rwﬂ) o 1] Csinheh” | 10
Forp=1,1 “|= = T2B+D)  |=|(~sinhx)y*
wl =10l 1y /s 10 Sy
r ( L( 0) D 0 res+)
s7 \ax
0
[uz}z (-sinhx)y?” ;0<B<LxelR,y>0 (30)
2T+
By Equation (25) ,

I 2420 —coshy”
el L%ﬁ? ((j}in@aym) ) 1 éﬁeﬁ’%Hﬁ%}

S lac | TR+

" (~coshx)y*”
[3} FGB+1) [;0<f<LxelR,y>0 (31)
Vs

0

Continuing with this process, we obtain that
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(—l)i y(2i+l)ﬂ
‘ w059 coshxm
[ul(x,y)}:{ i }z o , 0<B<l,xelR,y>0,i=12 3 ---P+LPeIN (32)
n ] Lrn ] gy, Gt
[(2)+)

The " order fractional power series solution vector of Equation (27.a) given that Equation (27.b) ,

u.(x,
denoted by |:Nl( y)} is given by
Vi(xay)
prl (1) (2iH)B

2] [T |2 (((211)' T
u,\x, -+ P + + )
[N, y} e = =0 _ _ﬂ - 0<B<1,xelR,y>0,i=1,2 3, ---P+LPcIN (33)
V(63 | [V (6) & (-1 y*

gr(( 2)3+1)

By letting p € IN to o0 or taking limit of both sides of Equation (33 )as p € IN > o | the infinite
fractional power series solution vector of Equation (27.a) given that Equation (27.b) denoted by

e,
v(x, )

0 i (ZH-I),b’
Z
{u(x,y)} pry 2z+1,8+1) 0< A<l xelR.y>0 (34)
Wx,y) i )’ o
P 21 ﬂ +1)

Lastly, as [ approaches tol from left, Equation (34) approaches to the exact solution vector of the ordinary
(standard) Cauchy Riemann system of equations which can be obtained from Equation (27.a)given that

Equation (27.])), and is given by

[u(x’ y)}z < (2i+1) :[c'oshxsmy} 0<B<Lxe R, y>0 (35)
x,y) o (—1)’ yz’ sinhxcosy
sinhx -
< (20)

Example 2. Taking f(x,))=0and g(x,y) =0 in Equation (2.a) and choosing @(x) =sinx and

w(x) = cos x Equation (2.b), consider the homogeneous fractional Cauchy Riemann system problem
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0 1
D’ u(ny)|_ 0| ux.) ;0< B<l,xelR,y>0 (36.a)
" v(x, ) -1 0]ox|v(x,y)
Subject to initial conditions:
u(x,0 sinx
0 ,xelR (36.b)
v(x,0) | |cosx
By Equation (22) ,

R | R P AT | T
o

Vo (x,)) Ccosx

S 1 (o 01 S 1. 01 S Ly
_uo(x,y)} L (Sﬂ(u (x,0)s” )) L (Sﬂxsmxxsﬁ j ) L [S(smx)] {sinx}

_vo(x,y) - COSX

By Equation (23),

r {1 L{[a (simv) )ﬂ (cost)y” | | (=sinx)y”
[ul(x,y)}_{o 1] | {o Il B+ | | T8+

P
0 1 0] (=sinxy” | | (~cost)”
( & (COS’C)H T8+ | | 1B+

-1 0 1
-1
- M

4 (xay)

(~ sin x)y”
{ul(x,y)}: L+ , 0<p<lLxelR,y>0 (38)
v (x,¥) (— cos x)yﬁ
rpg+1
By Equation (24) :
L{Slﬂ L( aﬁ [(}Sinx)lyﬂJ D (—cosx)y* | | (sinx)y*
For p =1, {uz}z [0 1} x \ I(B+1) =[0 1} TQA+D |_| TQE+D
V2 -10 I LL 0 (—cosx)y” —1 0] (sinx)y* (cosx)y*”
S lax | T(B+)) F@2p+1) rep+1
(sin x)y?”
{”2}: FRA+D 1 o petxe R,y >0 (39)
v, (cos x)y*”
repg+1
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By Equation (25) ,

((sin x)y*’ } ]] (cos x)y™” (~sin x)y*”
repg+u _{0 1} TGA+1) | | TGA+1)
. -

9
For p =2, Kj: {_01 (ﬂ LI[L(Z (WJ B _
S? 7\ 6

-1 (-sinx)y*” | | (~cosx)y”
rQp+1) rag+1 r@g+1
(~sin x)y*”
{”3} FGAD | o petlveR,y>0 (40)
Vs (= cos x)y**
TGA+1)

Continuing with this process, we obtain that

Ly
; u,, rap+1
{”}:{ ‘”}: ( (’[_} _ﬂ) , 0<p<l,xelR,y>0,i=1,23, - P+1,PeIN (41)
v, % —1) v
i p+l co x( l)y
r@ig+1)

The " order approximate fractional power series form solution vector of Equation (36.a) given that

u.(x,
Equation (36.])) , denoted by |: B (x.)

i 2

} is given by:

p+l (_1)1 ytﬂ

7w [T | s
u.(x, 41 i + .
[J y}: o = 7 ( (’ﬁ _) :0<f<l,xelR,y>0,i=1,23 - P+,PcIN (42)
vi ()C, y) Vp+1 ()C, y) Spo (— 1)1 ylﬁ
= LGB+

By letting p € IN to o0 or taking limit of both sides of Equation(42 ) as » € IN — @ the of infinite

fractional power series form solution vector of Equation (36_a) given that Equation (36.b) denoted by
{u(x, y)} 4
is
v(x,y)
l 1,3

{u(x,w} ZO(F(I,BH) )

; 0<f<L,xelR,y>0
vz, ) NG d g

1,8+1)

Lastly, as [ approaches to1 from left, Equation (43) approaches to the exact solution vector of the ordinary
(standard) Cauchy Riemann system of equations, which can be obtained from Equation (36.a ) given that

Equation (36.1)) , and is given by
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u,,. (X, e~ e sinx
evacr(%:Y) = - ! = ; 0<f<LxelR, y>0 (44)
Ve (X6) = (~y) e cosx
cosxz -
= b

Example 3.Taking f(x,y) = ysin ax and g(x, y) =0 in Equation (2.a) and choosing @(x) = sin ax

and(x) = cos ax in Equation (Z.b), consider the following inhomogeneous fractional Cauchy Riemann

system problem
gy R <45-a>

Subject to initial conditions:

[u(x,O)} _ [sin ax } xeIR (45b)

v(x,0) cos ax

By Equation (22),

. e . . .
= (L (u "(0)s" " + Lf (x, y))j = (sm axxs” L(ysin ax)] X (sm ax 1 sin ax)

_“o(xsy)} _ s’ _ s? s? B s 7 s
R (x,») a1 (o p-0-1 41 o 4 [ cosax
L (F(V (x,0)s )+ Lg(x,y) r F(cosaxx s7° 1) L —
_ y/i+l
2 i + i
uy(x y)} _|sinax rF+2) sinax (46)
Vo (X, )
cosax
By Equation (23),
AR (2 (sinax+—2— " sinaX)] (acosax)” | (acosax)" | | —ay’sinax
[ul(x,y)}_[ 0 1} s ax [(B+2) _[ 0 1} [(5+1) rep+2) | | T(B+D
wxy | |-1 0 g 5 “[-1 0] —aysinax - _(acosax)y” (acosax)y”"!
¢ [?LK o (“““x)} ﬂ T TFe)  TRA+)
—ay” sinax
|:ul(x,y)}: Fa+D , 0<pB<l,xelR,y>0 (47)
v (x, ) B (acos ax)y” B (a cos ax)y*”*!
r'p+1 rep+2)
By Equation (24):
For p =1,

L,{L[{Hi c ay” sinax) ] H — a® cosax (a2 sinax)yw + (a2 Sinw()yw’I

s \ax - T+ 0 1},‘ o TCA+1) TGA+2)
(a

3p+1

= L, ) ) 5 ,
= 1 I 0 (a cosax)y” (a cosa)c)yzﬂ‘l Ll 0 - smax)y'ﬁ + (a' smax)y (a' C(’S‘”‘)y'ﬂ
S a U T+ TeA+2) rep+1) TG3B+2) 2B +1)

w(xy)] [0 1
wxy)] -1 0
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(a % sin ax)y 28 (a 2 sinax)yw+1

{”2}: F@s+h FGA+2) ;0<B<lLxelR,y>0 (48)
v, (az cos ax)yz'g
rQpg+1)
By Equation (25) ,
For p =2,
! i L{[ o [("2 sinax)y i +(a2 Simx)f MD} (03 Cosax)yw L(tf coSf/‘l)a)/Mﬂ1 - y” sinax
{ug(x,y)}{o i | el res+n - 1es+2) _[0 1 TG+) | @B+ | | TGB+)
vy | -1 0 RN (aZCOSa)C)yZﬂ -1 0f &y sinax (a3 cos«zx)y}/’ (a3 cosax)y“*1
S a TR+ IGA+1) IGp+)  T@p+2)
—a’y*” sin ax
uy(x,y) rgg+1
= , 0 <1, IR, 0 49
Ls (x,y)} _ (a3 cos ax)yw B (a3 cosax))f'”+l <fslxelRy> (49)
rgg+1 ré4p+2)

Continuing with this process, we obtain that

YL iB 2i _ (2i+1)p+
ol EAY L dy
{ul} {uwl} (CEA+1D)  T(2i+1)5+2)
v, - V. B _ Y8 2+l _ (2i42)p+1
b COS{( a)y” __aly J

“Nrap+) T2i+2)p+2)

, 0<fB<l,xelR,y>0,i=1,2,3 - P+],PeIN (50)

The " order approximate fractional power series form solution vector of Equation (45.a) given that

Equation (45 .b), denoted by Pf (. y )} is given by:
Vi(x, )

) pH (_a)l)j[,' aﬁ)}hﬂ)/ﬂl
_ - L Tp) T2+ 52
u i=0
HOD || as)) | |  0<f<l, xeR y>0i=1,233P+L, PelN (51)
VD) | V) 2 (- s
aosax
T TB+) 1((2+2) +2)

By letting p € IN to ooor taking limit of both sides of Equation (51 ) as p € IN — o the solution vector

of Equation (45.(1) given that Equation (45.])) in the form of infinite fractional power series denoted by
» Y iB 2i  (2i+1)p+1
sinax (( a) y a4y ]

|:u(x, y):| is:
v(x, )
u(x,y) Zo (TEB+1) T((2i+1)8+2)
{ , }: ) ; 0<fB<L,xelR,y>0 (52)

v(x,y) o (_ a)iy'ﬁ a2i+ly(2i+2)/3+1
COW;( rip+1) T(2i+2)5+2)
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Lastly, as ﬂ approaches to 1 from left, Equation (52) approaches to the exact solution vector of the ordinary
(standard) Cauchy Riemann system of equations, which can be obtained from Equation (45.a) given that

Equation (45 .b) and is given by

sinaxi((_ay)i +(ay)2iyz]
|:uexacﬂx9y):| _ i=0 l' (21 +2) ‘

_ Y L 0<peixeR y>0 §
Vexac(x’y ) co&lxi((_c'l]y)l _%]
=\ b .

Example 4. Taking f(x,y)=xy and g(X,y) =Xy in Equation (2.a) and choosing #(x) =0 and

v (x) =0 Equation (2.b), consider the following inhomogeneous fractional Cauchy Riemann system

problem
u(x,y) _ 0 lg u(x,y) x|
DfL(x,y)} {—1 O}ax[v(x,y)ny} O< fslrelRy>0 (54a)

Subject to initial conditions:

[”(X’O)} - m; xelR (54.)

v(x,0) 0

By Equation(22),

r [L (uo(x,O)s/”’" +Lf(x, )’))] LI(O . S//j_o_l L(e”y)]

|:u0 (x, y):| _ N _ s N _
Vo (xa y) L—l (SL/; (VO (x,O)Sﬂ_O_l )+ Lg(x, y)j L—l (Slﬁ (0 % Slf—()—l )+ L(e‘y)] L—l[ Xy j

S sTXs
xyﬂ+l
u,(x, I'(B+2
F( y)}: (5+2) 59
vo(x>y) xyﬁ
I(f+2)
By Equation (23),
_ Ll{lﬁ{[?( o )Jﬂ " y
ul(x,y)}[o 1} ST \ax T(B+2) 7[0 1} rep+2) | |rep+2)
RAEAY) -1 0 o LL 2( 0 ) -1 0 B A
ST ax T(B+2) repg+n repg+2)
yz/m
wOa | I TCETD | ey etk y>0 (56)
Vi (x, ) oy
r2pg+2)
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By Equation (24) :

F‘“p:l’[uz(x,y)} 0 I}L[;L[E‘j(“;ﬁz))mﬂ[o olo]-[o)

v, (x,) -1 o) P JErs “l-1 0oJlo] |o
L {ST’L[[ ax (_r(zﬁ+2))J
)
= ;0<f<l,xelR,y>0 (57)
v, 0
By Equation (25) )
|1 0
S| —L||— (0
For p =2, {L@(x,y)}_{o 1} {Sﬁ K@x()jﬂ _{0 1}{0}_{0}
Vz(xay)_—10_11 3 -1 ofo| |o
ol 5 0)]
;)| [0
[Z}(i;)}:[o}, 0<B<1, xelR, y>0 (8)

Continuing with this process, we obtain that

xy/m . y2ﬁ+1
U, u,, I'(p+2) T2p+2
[ '}z || T(B+2) (25 ), 0<f<lxelR,y>0,i=1,23 - P+1,PcIN (59)
Vi Vp+1 xy p+1 y 24+1

r(B+2) T(28+2)

The " order approximate fractional power series form solution vector of Equation (54.a) given that

Equation (54.b) , denoted by [u,. (x,y )} is given by:

Vi(x,)
)9/ﬁ+1 . )/2ﬂ+1
G| |Ha(ep) | |TB+2) T(28+2) | N

(B+2) T(2p+2)

By letting p € IN to oo or taking limit of both sides of Equation (60) as p € IN — o the solution vector
of Equation (54.a) given that Equation (54.])) in the form of infinite fractional power series denoted by

|:u(x, y):| is:
v(x,y)

xyﬂ” . y2ﬂ+l
u(x,y)| | TB+2) T(28+2) |
|:V(X,y):|_ xyﬂ” y2ﬂ+1 > O<ﬁS1’XEIRey>O (61)

[(B+2) T(28+2)
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Lastly, as ﬂ approaches to 1 from left, Equation (61) approaches to the exact solution vector of the ordinary
(standard) Cauchy Riemann system of equations, which can be obtained from Equation (54.a) given that

equation (54.b) , and is given by

2 3
u, . (xy) ﬁ—i_%
{‘““" : }: 23 0<psl xeR, y>0 (62)
Ve V) || 0ty

23

4.3 Discussion

Through the four examples considered above, the vectorial iterative fractional Laplace transform method
(VIFLTM) was successfully applied to initial-value problems fractional Cauchy-Riemann systems of the

form Equation (2.a) given that Equation (2.b) for: f(x,y)=0and g(x,y)=0 with initial conditions
#(x) =0 and (x) =sinhx; f(x,y)=0and g(x,y)=0with initial conditions ¢(x) =sinx and
w(x)=cosx ; f(x,y)=ysinax and g(x,y)=0 with initial conditions ¢(x)=sinax and
w(x)=cosax; f(x,y)=xyand g(x,y) = xy with initial conditions #(x) =0 and w(x)=0 for
0<p<I.

Through examples one and two, the solution vectors of Equation (Z.a) given that Equation (2.b)in the form
of infinite fractional power series was obtained and the solution vectors are in complete agreement with the
results of Naseem and Tahir [48] for # = 1. So, the solution vectors of Equation (Z.a) given that Equation

(Z.b) in the form of infinite fractional power series generalizes the results in Naseem and Tahir [48].

Applying VIFLTM to Equation (2.a) given that Equation (Z.b) through the second and third examples
where f(x,y) = ysinax and g(x,y) =0 with initial conditions #(x) =sinax and y(x) = cosax
for 0<f<1,; f(x,y)=ysinax and g(x,y)=0 with initial conditions ¢(x)=sinax and
w(x)=cosaxfor 0< B <1; f(x,y)=xyand g(x,y)= xp with initial conditions #(x) =0 and
w(x)=0for 0 < <1, the solution vectors in the form of infinite fractional power series were obtained
successfully.

5 Conclusion

In this paper, basic idea of vectorial iterative fractional Laplace transform method (VIFLTM) for solving
fractional Cauchy-Riemann System equations with initial conditions with initial conditions of the form (2.a )

given that Equation (2.1)) was developed and it was successfully applied to fractional Cauchy-Riemann

System equations with initial conditions to obtain their closed solution vectors in the form of infinite
fractional power series with a minimum size of calculations.

Thus, we can conclude that the VIFLTM used in solving fractional Cauchy-Riemann System equations with

initial conditions can be extended to solve other fractional partial differential equations with initial
conditions which can arise in fields of sciences.
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